Existence of Embeddings of Smooth Varieties into Linear Algebraic Groups by Feller, Peter & van Santen, Immanuel
ar
X
iv
:2
00
7.
16
16
4v
1 
 [m
ath
.A
G]
  3
1 J
ul 
20
20
EXISTENCE OF EMBEDDINGS OF SMOOTH VARIETIES
INTO LINEAR ALGEBRAIC GROUPS
PETER FELLER AND IMMANUEL VAN SANTEN
Abstract. In this article we prove that every smooth affine variety of
dimension d embeds into every simple algebraic group of dimension at
least 2d+2. For this we employ and build upon parametric transversal-
ity results for flexible affine varieties established by Kaliman yielding a
certain embedding method. We show that our result is optimal up to a
possible improvement by one to 2d+1 by adapting a Chow-group based
argument due to Bloch, Murthy, and Szpiro.
In order to study the limits of our embedding method, we also show
that there do not exist proper dominant maps from the d-dimensional
affine space to any d-dimensional homogeneous space of a simple alge-
braic group. The latter is proved using a version of Hopf’s theorem on
the Umkehrungshomomorphismus from algebraic topology and rational
homology group calculations.
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1. Introduction
In this text, varieties are understood to be (reduced) algebraic varieties
over a fixed algebraically closed field k of characteristic zero endowed with
the Zariski topology. We will focus on affine varieties—closed subvarieties
of the affine space An. A closed embedding, embedding for short, f : Z → X
of an affine variety Z into an affine variety X is a morphism such that f(Z)
is closed in X and f induces an isomorphism Z ≃ f(Z) of varieties.
A focus in this text is on embeddings into the underlying varieties of
affine algebraic groups. Recall that an affine algebraic group, an algebraic
group for short, is a closed subgroup of the general linear group GLk for
2010 Mathematics Subject Classification. 14R10, 20G20, 14J50, 14R20.
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some positive integer k. An algebraic group is simple if it has no non-trivial
connected normal subgroup. We prove the following embedding theorem.
Theorem A (Theorem 3.6). Let G be the underlying affine variety of a sim-
ple algebraic group and Z be a smooth affine variety. If dimG > 2 dimZ+1,
then Z admits an embedding into G.
In case dimG is even, the dimension assumption on dimZ in terms of
dimG from Theorem A is optimal; while in case that dimG is odd, the
dimension assumption can at best be relaxed by one, that is from dimG >
2 dimZ + 1 to dimG ≥ 2 dimZ + 1. Indeed, we have the following.
Proposition B (Corollary 4.4). Let G be the underlying affine variety of
an algebraic group of dimension n ≥ 1. Then, for each integer d ≥ n2 there
exists a smooth irreducible affine variety Z of dimension d that does not
admit an embedding into G.
We see Theorem A as fitting well in the context of classical embedding
theorems in different categories, which we provide in the next subsection.
Before that, we mention the following result, which we believe to be of
independent interest, and which will explain one crucial obstacle to use our
methods to weakening the dimension assumption in Theorem A to dimG ≥
2 dimZ + 1.
Theorem C. Let n ≥ 1. If G/H is an n-dimensional homogeneous space of
a simple algebraic group G, then there does not exist a proper and dominant
morphism from An to G/H.
Opposite to the rest of the paper, which stays within algebraic geometry,
the proof of Theorem C employs algebraic topology: we work over the field
of complex numbers, calculate rational homology groups of G/H, and use a
version of Hopf’s theorem on the Umkehrungshomomorphismus; see the final
section (Section 5) and Appendix A, respectively. We promote the results
we find over the complex numbers to an arbitrary algebraically closed field
of characteristic zero to give a proof of Theorem C using an appropriate
version of the Lefschetz principle in Appendix C.
Context: embedding theorems in various settings.
Holme-Srinivas embedding theorem. Considering affine varieties as closed
subvarieties of the affine space An, it is natural to wonder about their min-
imal embedding dimension in affine space. In general, every smooth affine
variety Z embeds into An for n ≥ 2 dimZ +1; see Holme [Hol75] and Srini-
vas [Sri91]. This can be understood as an analog of the following classical
result in differential topology.
Whitney’s embedding theorem. Whitney’s weak embedding theorem states
that every closed smooth manifold M can be embedded into Rn for n ≥
2 dimM + 1 [Whi36]. The fact that Whitney’s result also holds in case
n = 2dimM is known as the strong Whitney embedding theorem, based on
the so-called Whitney trick [Whi44]. Furthermore, when d is not a power of
2, Haefliger-Hirsch [HH63] proved that every closed smooth d-dimensional
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manifold embeds into R2d−1. In contrast, the real projective space of di-
mension 2k for k ≥ 0 yields a 2k-dimensional smooth manifold that does not
embed into R2·2
k−1 [Pet57].
Holomorphic embeddings of Stein manifolds. Focusing on k = C (hence
An = Cn), it is natural to compare the Holme-Srinivas result with the
holomorphic setup. It is known that every Stein manifoldM of dimension >
1 can be embedded into Cn for n > 32 dimM ; see Eliashberg-Gromov [EG92]
and Schu¨rmann [Sch97]. Examples of Forster show that this dimension
condition is optimal if dimM > 1 [For70].
Focusing on more general targets, Andrist, Forsternicˇ, Ritter, and Wold
proved that for every Stein manifold X that satisfies the (volume) density
property and every Stein manifold M such that dimX ≥ 2 dimM +1, there
exists a holomorphic embedding M →֒ X [AFRW16]. As far as the authors
know, it remains open whether a dimension improvement is possible.
Embeddings into projective varieties. Comparing with the projective setting,
a further analog of Whitney’s weak embedding theorem states that every
smooth projective variety Z embeds into Pn provided n ≥ 2 dimZ + 1; see
Lluis [Llu55].
While the Holme-Srinivas embedding result concerning affine spaces gen-
eralizes to some, possibly all affine algebraic groups, the embedding result
due to Lluis concerning projective spaces cannot generalize to projective al-
gebraic groups, i.e. abelian varieties. In fact, each rational map Z 99K A
from a rationally connected variety Z into an abelian variety A is constant;
see [Lan83, Corollary to Theorem 4, Chp. II].
Optimality of the dimension condition for algebraic embeddings. As seen
above, in many categories, d-dimensional objects embed into the standard
space of dimension 2d, e.g. the strong Whitney embedding theorem, or
even much less like in the case of the Eliashberg-Gromov result. In con-
trast, even the analog of the strong Whitney embedding theorem is known
to fail for affine algebraic varieties. Indeed, by a result of Bloch-Murthy-
Szpiro [BMS89], for every d ≥ 1, there exists a d-dimensional smooth affine
variety Z that does not embed into A2d. In fact, their argument (based on
Chow group calculations) suffices to also yield Proposition B as we will see
in Section 4.
Incidently, in the Lluis embedding theorem, the dimension bound is op-
timal in the sense that for each d ≥ 1 there is a smooth projective variety
of dimension d that does not admit an embedding into P2d; see Horrocks-
Mumford [HM73] and Van de Ven [VdV75].
Proof strategy: an embedding method and its limits.
Proof strategy of the Holme-Srinivas theorem and an approach to more gen-
eral targets. We recall the basic idea behind the Holme-Srinivas embedding
theorem, which uses the same method as the proofs of Whitney’s weak em-
bedding theorem and Lluis’ embedding theorem. To show that every smooth
affine variety Z embeds into X = A2dimZ+1, one starts from an arbitary em-
bedding Z ⊆ Am for some large integer m ≫ 2 dimZ + 1, and shows that
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the composition of the inclusion Z ⊆ Am with a generic linear projection
Am → A2dimZ+1 is still an embedding.
For more general targets X, one looses the availability of (many) pro-
jections from Am to X. In contrast with the above strategy, instead, we
consider a morphism π : X → AdimZ and a finite morphism Z → AdimZ
(guaranteed to exist by Noether normalization) in order to build our em-
bedding Z → X as a factorization of Z → AdimZ through π. This approach
is similar to the setup of Eliashberg-Gromov and their notion of relative em-
bedding using their ‘background map’; see [EG92, Section 2]. A strength of
this approach lies in the following fact: checking that a morphism f : Z → X
is an embedding (i.e. a proper injective morphism with everywhere injective
differential), reduces to checking that f is injective and has everywhere in-
jective differential, since any morphism that can be composed with another
yielding a finite (in particular proper) morphism is proper. Sloppily speak-
ing, one gets properness ‘for free’.
Outline of the proof of Theorem A. More concretely, our approach to prove
Theorem A can be understood in two steps. Step one involves finding a
specific subvariety of a simple algebraic group using classical algebraic group
theory, while step two uses parametric transversality results to promote finite
maps into the base space of a principal bundle to embeddings into the total
space. Here the total space is the subvariety constructed in step one. These
two steps will be treated in detail in Sections 3 and 2, respectively. We
provide a short outline, where we fix a smooth affine variety Z and a simple
algebraic group G with dimG > 2dimZ + 1.
Step one. We find a closed codimension one subvariety X ⊂ G iso-
morphic to AdimZ × H, where H is a characterless closed subgroup of G.
This will be achieved using a well-chosen maximal parabolic subgroup in G
and constitutes the bulk of Section 3. It turns out that G itself cannot be
a product of the form Am × H for any variety H underlying an algebraic
group and m > 0; hence, the X we found has the largest possible dimension.
Link between the two steps. We note that step one reduces us to
finding an embedding of Z into AdimZ ×H, and we setup a principal bundle
with a finite morphism from Z into the base. For the latter, denoting by Ga
the underlying additive algebraic group of the ground field k, we consider
the principal Ga-bundle ρ : A
dimZ×H → AdimZ×H/U , where U is a closed
subgroup of H that is isomorphic to Ga. Using Noether normalization, one
has a finite morphism Z → AdimZ , which yields a morphism r : Z → AdimZ×
H/U by composing with a section of the projection η : AdimZ × H/U →
AdimZ to the first factor. Writing X := AdimZ ×H and Q := AdimZ ×H/U ,
we have the following commutative diagram
X
pi
##●
●●
●●
●●
●
ρ

Z
r // Q
η // AdimZ .
(1)
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Step two. We consider the following setup generalizing (1). This con-
stitutes our embedding method mentioned earlier. Consider a principal Ga-
bundle ρ : X → Q, where X is a smooth irreducible affine variety of dimen-
sion at least 2 dimZ + 1, and a finite morphism Z → AdimZ that is the
composite of some morphism r : Z → Q and some morphism η : Q→ AdimZ
such that the following holds. The composition π := η ◦ ρ : X → An is a
smooth morphism such that there are sufficiently many automorphisms of X
that fix π (see Definition 2.1). We show (see Theorem 2.5) that there exists
an embedding of Z into X. This is done in Section 2 building on notions
and results due to Kaliman [Kal19]. Next, we explain in broad strokes how
we build such an embedding.
Note first that ρ : X → Q restricts to a trivial Ga-bundle over any affine
subvariety of Q. In particular, we may take a morphism
f0 : Z → ρ
−1(r(Z)) ≃ r(Z)×Ga ⊂ X
such that ρ ◦ f0 = r. Then we use a generic automorphism ϕ of X that
fixes π to construct an ‘improved’ morphism f1 : Z → X with ρ ◦ f1 =
ρ ◦ ϕ ◦ f0. ‘Improved’ means that f1 and its differential are ‘more injective’
than f0 and its differential, respectively. After finitely many, say k, such
‘improvements’, we get an injective morphism fk : Z → X with everywhere
injective differential. Note that by construction we have that π ◦ fk =
η ◦ r : Z → AdimZ is finite. This shows the properness of fk and thus fk is
an embedding of Z into X.
The case of small dimensions and other cases. While we do not know how
to weaken the dimension assumption to the optimal dimG ≥ 2 dimZ + 1
in Theorem A, we are able to treat the case of dimension 3. Indeed, an
illustrative elementary case of the described embedding method yields that
every smooth affine curve embeds in every characterless algebraic group G
of dimension 3; see Proposition 3.1.
From the method of the proof it is also clear that Theorem A generalizes
to products of simple algebraic groups with affine spaces (Theorem 3.6) and
to products of semisimple algebraic groups with affine spaces but with a
stronger dimension assumption (Theorem 3.9). In case the dimension of the
affine space in the product is big enough, we get in fact the embedding result
with the optimal dimension assumption; see Corollary 3.2. In particular, we
get back the Holme-Srinivas embedding theorem.
The method also yields that if a smooth affine variety Z embeds into
a smooth affine variety X with dimX ≥ 2 dimZ + 1, then Z embeds into
the target of every finite e´tale surjection from X whenever X has sufficiently
many automorphisms; see Corollary 2.19. In particular, Theorem A general-
izes to homogeneous spaces of simple algebraic groups with finite stabilizer;
see Proposition 2.13.
Limits of the method and relation to Theorem C. We end the introduction
by coming back to a claim from earlier: the seemingly unrelated Theorem C
explains a major obstacle in treating the case dimG = 2dimZ + 1. We
explain this in terms of the above short two step outline. In fact, in step one
we find π : X → AdimZ =: P by restricting the natural projection p : G →
G/H for some closed subgroup H to X, i.e. π := p|X : X → P ⊆ G/H.
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However, by the dimension assumption we need for our step two, if we where
to follow that strategy, we would have to choose X ⊆ G of full dimension.
Hence, assuming w.l.o.g. that G is irreducible, we would have to choose
X = G and would have to replace P = AdimZ with a homogeneous space
P = G/H in (1). For the embedding method from step two (see (1)) to
work for another affine variety P in place of AdimZ , we need in particular
a finite morphism from Z to P ; compare Theorem 2.5. However, there are
Z such that no finite morphism exists in case P is a homogeneous space
G/H. Indeed, this is the case for Z = AdimZ by Theorem C (to apply
Theorem C as stated, note that finite morphisms between irreducible smooth
affine varieties of the same dimension are dominant (even surjectiv) and
proper). While, of course, the affine space Z = AdimZ always embeds in
simple algebraic groups G of dimension at least 2 dimZ + 1 (in fact, Ad
embeds into every semisimple G with d ≤ dimG− rankG, as can be derived
from Lemma 3.4(2)), this shows a limitation of our approach.
More interestingly, working with k = C, we have that smooth affine
complex varieties Z with the rational homology of a point (e.g. contractible
smooth affine varieties), never admit a finite morphism to a (dimZ)-dimen-
sional homogeneous space of a simple algebraic group; see Proposition 5.1.
And indeed, we do not know whether such Z embed into simple algebraic
groups of dimension 2 dimZ+1. Concretely, the authors cannot answer the
following question, even over C and for contractible Z.
Question. Does every 7-dimensional smooth affine variety embed into SL4?
Acknowledgements. We thank Je´re´my Blanc, Adrien Dubouloz, Stefan
Friedl, Matthias Nagel, Patrick Orson, Pierre-Marie Poloni, and Paula Truo¨l
for helpful conversations.
2. Embeddings into the total space of a principal bundle
For the main result in this section the following definition will be useful:
Definition 2.1. Let X be an algebraic variety. A subgroup G of the group
of algebraic automorphisms Aut(X) acts sufficiently transitively on X if
the natural action on X is 2-transitive and the natural action on (TX)◦ is
transitive, where (TX)◦ denotes the complement of the zero-section in the
total space TX of the tangent bundle of X.
Let us recall the definition of an algebraic subgroup of an automorphism
group which goes back to Ramanujam [Ram64].
Definition 2.2. Let X be an algebraic variety. A subgroup H ⊂ Aut(X) is
called algebraic subgroup if there exists an algebraic group G and a faithful
algebraic action ρ : G×X → X such that H is the image of the homomor-
phism fρ : G→ Aut(X) induced by ρ.
Remark 2.3. Note that the algebraic group G in Definition 2.2 is uniquely
determined by H in the following sense: if G′ is another algebraic group
with a faithful algebraic action ρ′ on X such that fρ′(G
′) = H, then there
exists an isomorphism of algebraic groups σ : G′ → G such that fρ′ = fρ ◦ σ
[KRvS19, Theorem 9]. This allows us to identify G and H.
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Moreover, we will use the following subgroups of the automorphism group
of an algebraic variety:
Definition 2.4. Let X be an algebraic variety. Then Autalg(X) denotes the
subgroup of Aut(X) that is generated by all connected algebraic subgroups
of Aut(X).
If X comes equipped with a morphism π : X → P , then AutP (X) denotes
the subgroup of Aut(X) that consists of the σ ∈ Aut(X) with π ◦ σ = π.
We define AutalgP (X) as the subgroup of AutP (X) that is generated by all
connected algebraic subgroups of Aut(X) that lie in AutP (X).
The main result to construct embeddings in this article is the following
theorem. Note that Ga denotes the underlying additive algebraic group of
the ground field k.
Theorem 2.5. Let X be a smooth irreducible affine variety such that:
a) There is a principal Ga-bundle ρ : X → Q;
b) There is a smooth morphism π : X → P such that AutalgP (X) acts suffi-
ciently transitively on each fiber of π;
c) There is a morphism η : Q→ P that satisfies η ◦ ρ = π.
If there exists a smooth affine variety Z such that dimX ≥ 2 dimZ +1 and
d) there exists a morphism r : Z → Q such that η ◦ r : Z → P is finite and
surjective,
then there exists an embedding of Z into X.
Remark 2.6. Let X be a smooth affine irreducible variety and assume that
conditions a), b), c) of Theorem 2.5 are satisfied. If Z is a smooth affine
variety with dimX ≥ 2 dimZ +1, P = AdimZ , and η : Q→ P has a section
s : P → Q, then condition d) is also satisfied. Indeed, in this case there exists
a finite morphism p : Z → AdimZ due to Noether’s Normalization Theorem
and one can choose r := s ◦ p : Z → Q.
2.1. Transversality results. This subsection essentially amounts to col-
lecting and rephrasing some material from [Kal19] that we need for the proof
of Theorem 2.5.
Definition 2.7. Let X → P be a smooth morphism of smooth irreducible
varieties and let H = (H1, . . . ,Hs) be a tuple of connected algebraic sub-
groups H1, . . . ,Hs ⊂ AutP (X). Then H is
(1) big enough for proper intersection, if for every morphism f : Y → X
and every locally closed subvariety Z in X there is an open subset U ⊂
H1 × · · · ×Hs such that for every (h1, . . . , hs) ∈ U we have
dimY ×X h1 · · · hs · Z ≤ dimY ×P Z + dimP − dimX . (PI)
(2) big enough for smoothness if there exists an open dense subset U ⊂
H1 × · · · ×Hs such that the morphism
ΦH : H1 × · · · ×Hs ×X → X ×P X ,
((h1, . . . , hs), x) 7→ (h1 · · · hs · x, x)
is smooth on U ×X.
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Proposition 2.8. Let X → P be a smooth morphism of smooth irreducible
varieties and let H = (H1, . . . ,Hs) be a tuple of connected algebraic sub-
groups H1, . . . ,Hs in AutP (X). Then:
(1) If H is big enough for smoothness, then H is big enough for proper
intersection.
(2) If H is big enough for smoothness and H0,Hs+1 ⊂ AutP (Y ) are two
connected algebraic subgroups, then (H0,H1, . . . ,Hs,Hs+1) is big enough
for smoothness.
Proof. (1): The proof closely follows [Kal19, Theorem 1.4]. By assumption,
there is an open dense subset U ⊂ H1×· · ·×Hs such that ΦH|U×X : U×X →
X ×P X is smooth. Let f : Y → X be a morphism and let Z be a locally
closed subvariety of X. Let W be the fiber product of Y ×P Z → X ×P X
and ΦH|U×X :
W

// Y ×P Z

U ×X
ΦH|U×X // X ×P X .
By generic flatness [GW10, Theorem 10.84], we may shrink U and assume
that π : W → U ×X → U is flat. Take h = (h1, . . . , hs) ∈ U . Then
π−1(h)red −→ (Y ×X h1 · · · hs · Z)red , ((h, x), (y, z)) → (y, h1 · · · hs · z)
is an isomorphism, since (h1 · · · hs ·x, x) = (f(y), z) for each ((h, x), (y, z)) ∈
π−1(h)red. If π
−1(h) is empty, then (PI) from Definition 2.7 is satisfied (as
by convention dim∅ = −∞) and thus we may assume that π−1(h) is non-
empty and we get dimπ−1(h) ≤ dimW − dimU by the flatness of π. By
the smoothness of ΦH|U×X and the pullback diagram above, W → Y ×P Z
is smooth since smoothness is preserved under pullbacks. In particular,
dimW ≤ dimY ×P Z + dimU ×X − dimX ×P X. In total we get
dimY ×X h1 · · · hs · Z = dimπ
−1(h)
≤ dimY ×P Z + dimX − dimX ×P X
= dimY ×P Z + dimP − dimX ,
since dimX×PX = 2dimX−dimP , which in turn follows from the smooth-
ness of X → P and the irreducibility of X, P .
(2): This follows directly from [Kal19, Remark 1.8]. 
Proposition 2.9 ([Kal19, Proposition 1.7]). Let κ : X → P be a smooth
morphism of smooth irreducible varieties and let a subgroup G ⊂ AutP (X)
be generated by a family G of connected algebraic subgroups of AutP (X)
which is closed under conjugation by G. Moreover, assume that G acts
transitively on each fiber of κ.
Then there exist H1, . . . ,Hs ∈ G such that (H1, . . . ,Hs) is big enough for
smoothness. 
2.2. Sufficiently transitive group actions. For a variety X we denote
by SAut(X) the subgroup of Aut(X) that is generated by all unipotent
algebraic subgroups; in particular, SAut(X) ⊆ Autalg(G). Transitivity of
the natural action of SAut(X) on X implies m-transitivity for all m and
that one can prescribe the tangent map of an automorphism of X at a finite
number of fixed points:
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Theorem 2.10 ([AFK+13, Theorem 0.1, Theorem 4.14 and Remark 4.16]).
Let X be an irreducible smooth affine variety of dimension at least 2. If
SAut(X) acts transitively on X, then:
(1) SAut(X) acts m-transitively on X for each m ≥ 1;
(2) for every finite subset Z ⊂ X and every collection βz ∈ SL(TzX), z ∈ Z,
there is an automorphism ϕ ∈ SAut(X) that fixes Z pointwise such that
the differential satisfies dzϕ = βz for all z ∈ Z. 
Example 2.11. Let F be an irreducible smooth affine variety of dimension
≥ 2 such that SAut(F ) acts transitively on it. Then, Theorem 2.10 implies
that SAut(F ) acts sufficiently transitively on F ; see Definition 2.1.
Example 2.12. If G is a connected characterless algebraic group, then the
group Autalg(G) acts sufficiently transitively on G. Indeed, if dimG = 0,
then the statement is trivial, and if dimG = 1, then G is isomorphic to Ga
and the statement is also clear. If dimG ≥ 2, then the statement follows
from Example 2.11.
Incidentally, the above example characterizes algebraic groups G such
that Autalg(G) acts sufficiently transitively on G:
Proposition 2.13. Let G be an algebraic group. Then Autalg(G) acts suf-
ficiently transitively on G if and only if G is connected and characterless.
Proof. According to Example 2.12 we only have to show the ‘only if’-part.
Let G be an algebraic group such that Autalg(G) acts sufficiently transi-
tively on it.
Let g, g′ ∈ G. Since Autalg(G) acts transitively on G, there exist con-
nected algebraic subgroups H1, . . . ,Hr in Aut(G) such that g
′ lies in the
image of the morphism
H1 × · · · ×Hr → G , (h1, . . . , hr) 7→ (h1 ◦ . . . ◦ hr)(g) .
Hence, g, g′ ∈ G lie in an irreducible closed subset of G. Since g, g′ were
arbitrary elements of G, it follows that G is connected.
By Lemma [FvS19, Lemma 8.2], there exists a normal characterless sub-
group N ⊂ G such that G = N ⋊ T , where T is a torus, i.e. T is a product
of finitely many copies of the underlying multiplicative group of the ground
field. Let π : G → T be the canonical projection and let H be a connected
algebraic group with an algebraic action ρ : H ×G→ G. Since each invert-
ible function on each fiber of π is constant (see [FvS19, Remark 8.3]), the
morphism
H ×G
ρ
→ G
pi
→ T
is invariant under the algebraic action N × (H × G) → H × G that is
given by n · (h, g) = (h, ng). Hence, there exists a unique algebraic action
ρT : H×T → T of H on T such that ρT ◦ (idH ×π) = π ◦ρ. Since Aut
alg(G)
acts 2-transitively on G, we get therefore that Autalg(T ) acts 2-transitively
on T . By Lemma 2.14 below, we find that T is trivial, and thus G = N is
characterless. 
Lemma 2.14. Let T be a torus. Then
Autalg(T ) = {T → T , t 7→ st | s ∈ T } .
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Proof. Let G ⊂ Aut(T ) be an algebraic subgroup. Hence there exists a
faithful algebraic G-action ρ : G×T → T such that the image of the induced
homomorphism in Aut(T ) is G (see Remark 2.3). By [Ros61, Theorem 2]
there exist morphisms µ : G→ T and λ : T → T such that
ρ(g, t) = µ(g)λ(t) for each g ∈ G, t ∈ T .
After replacing µ and λ by t0µ and t
−1
0 λ, respectively, for some t0 ∈ T , we
may assume that µ(eG) = eT , where eG and eT denote the neutral elements
of G and T , respectively. Hence, t = ρ(eG, t) = λ(t) for each t ∈ T , and thus
ρ(g, t) = µ(g)t for each g ∈ G, t ∈ T .
This implies that G lies inside {T → T , t 7→ st | s ∈ T }, and thus the
lemma follows. 
2.3. The proof of Theorem 2.5. Throughout this section we use the
following notation.
Notation. Let f : X → Z be a morphism of algebraic varieties, then we
denote by X
(2)
Z the complement of the diagonal in the fiber product X×ZX
and we denote by (ker df)◦ the complement of the zero section in the kernel
of the differential df : TX → TZ.
We start with the following rather technical result that will turn out to
be the key.
Proposition 2.15. Let π : X → P , ρ : X → Q be smooth morphisms of
smooth irreducible varieties such that there exists a morphism η : Q → P
with π = η ◦ ρ. Assume that AutalgP (X) acts sufficiently transitively on each
fiber of π.
If Z is a smooth variety and f : Z → X is a morphism such that each
non-empty fiber of π ◦ f : Z → P has the same dimension dimension k ≥ 0,
then there exists a ϕ ∈ AutalgP (X) with
((ϕ ◦ f)× (ϕ ◦ f))−1(X
(2)
Q ) ≤ dimZ + dimP − dimQ+ k (A)
dim(d(ϕ ◦ f))−1(ker dρ)◦ ≤ dimZ + dimP − dimQ+ k . (B)
For the proof of the estimate (B) in this key proposition, we need the
following estimate:
Lemma 2.16. Let f : X → Y be a morphism of varieties such that X is
smooth and denote by k the maximal dimension among the fibers of f .
Then the kernel of the differential df : TX → TY , the closed subvariety
ker(df) :=
⋃
x∈X
ker(dxf) ⊆ TX,
satisfies dimker(df) ≤ dimX + k.
Proof of Lemma 2.16. Let X =
⋃n
i=1Xi be a partition into smooth, irre-
ducible, locally closed subvarieties X1, . . . ,Xn in X such that
fi := f |Xi : Xi → f(Xi)
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is smooth for each i = 1, . . . , n (see [Har77, Lemma 10.5, Chp. III]). Note
that f(Xi) is an open subvariety of ¯f(Xi) that is smooth, see [GR03, Propo-
sition 3.1, Expose´ II]. Let x ∈ Xi. Thus the differential dxfi : TxXi →
Tf(x)f(Xi) is surjective and since dim f
−1
i (x) ≤ k, we get dimker(dxfi) ≤ k.
Then the kernel of
TxXi →֒ TxX
dxf
−→ Tf(x)Y
has dimension ≤ k, which implies dimker(dxf) ≤ dimTxX − dimTxXi + k.
Since X is smooth, we have dimTxX ≤ dimX (we did not assumed that X
is equidimensional, hence we do not necessarily have an equality) and since
Xi is smooth and irreducible, we have dimTxXi = dimXi. Thus we get
dimker(df)|Xi ≤ dimXi +max
x∈Xi
dimker(dxf)
≤ dimXi + dimX − dimXi + k = dimX + k .
Hence, dimker(df) ≤ max1≤i≤n dim(ker dxf) ∩ TX|Xi ≤ dimX + k. 
Proof of Proposition 2.15. Let G := AutalgP (X) and let G be the family of all
connected algebraic subgroups of Aut(X) that lie in AutP (X). By definition
G is generated by the subgroups inside G and G is closed under conjugation
by elements of G.
Since π : X → P is smooth and G acts sufficiently transitively on each
fiber of π, the morphisms
κ : X
(2)
P → P , (x, x
′) 7→ π(x)
and
κ′ : (ker dπ)◦ → X
pi
→ P
are smooth and G acts transitively on each fiber of κ and κ′.
Applying Proposition 2.9 to κ and the image of G in AutP (X
(2)
P ) under
ϕ 7→ ϕ×P ϕ gives H1, . . . ,Hs ∈ G such that H = (H1, . . . ,Hs) is big enough
for smoothness with respect to κ. Likewise one gets H ′1, . . . ,H
′
s′ ∈ G such
that H′ = (H ′1, . . . ,H
′
s′) is big enough for smoothness with respect to κ
′.
Using Proposition 2.8(2), M = (H1, . . . ,Hs,H
′
1, . . . ,H
′
s′) is big enough for
smoothness with respect to κ and κ′. By Proposition 2.8(1), M is also big
enough for proper intersection with respect to κ and κ′. Hence, there is an
open dense subset U ⊂ H1 × · · · ×Hs ×H
′
1 × · · · ×H
′
s′ such that for each
element in U the estimate (PI) in Definition 2.7 is satisfied with respect to
• the smooth morphism κ : X
(2)
P → P ,
• the morphism (f × f)|
(f×f)−1(X
(2)
P
)
: (f × f)−1(X
(2)
P )→ X
(2)
P and
• the closed subset X
(2)
Q in X
(2)
P
and
• the smooth morphism κ′ : (ker dπ)◦ → P ,
• the morphism df |(df)−1(ker dpi)◦ : (df)
−1(ker dπ)◦ → (ker dπ)◦ and
• the closed subset (ker dρ)◦ in (ker dπ)◦.
That means that, if we choose an element (h1, . . . , hs, h
′
1, . . . , h
′
s′) ∈ U , then
the automorphism ϕ = (h1 · · · hs · h
′
1 · · · h
′
s′)
−1 ∈ G satisfies the following
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estimates:
dim((ϕ ◦ f)× (ϕ ◦ f))−1(X
(2)
Q )
= dim(f × f)−1(X
(2)
P )×X(2)
P
(ϕ× ϕ)−1(X
(2)
Q )
(PI)
≤ dim(f × f)−1(X
(2)
P )×P X
(2)
Q + dimP − dimX
(2)
P
and
dim(d(ϕ ◦ f))−1(ker dρ)◦
= dim(df)−1(ker dπ)◦ ×(ker dpi)◦ (dϕ)
−1(ker dρ)◦
(PI)
≤ dim(df)−1(ker dπ)◦ ×P (ker dρ)
◦ + dimP − dim(ker dπ)◦ .
Since π : X → P and κ : X → Q are both smooth morphisms of smooth
irreducible varieties, we get
• dimX
(2)
P = 2dimX − dimP
• dimX
(2)
Q = 2dimX − dimQ
• dim(ker dπ)◦ = 2dimX − dimP .
Hence, it is enough to show the following estimates:
(1) (f × f)−1(X
(2)
P )×P X
(2)
Q ≤ 2 dimX + dimZ − dimQ− dimP + k
(2) (df)−1(ker dπ)◦×P (ker dρ)
◦ ≤ 2 dimX+dimZ−dimQ−dimP +k
We establish (1): Consider the following pull-back diagram
(f × f)−1(X
(2)
P )×P X
(2)
Q
//

X
(2)
Q
ε

(f × f)−1(X
(2)
P )
// P
(2)
Let Q0 ⊂ Q be the image of ρ : X → Q. Since ρ is smooth, Q0 is an
open dense subset of Q. Hence η|Q0 : Q0 → P is a morphism of smooth
irreducible varieties. Since π = η|Q0 ◦ ρ : X → P is smooth, it follows that
η|Q0 is smooth. Thus
ε : X
(2)
Q = X
(2)
Q0
→ Q0
η|Q0−→ P
is smooth as well of relative dimension 2 dimX−dimQ−dimP . Since each
non-empty fiber of π◦f : Z → P has dimension k, the image of Z×P Z → P
is contained in π(f(Z)) and each non-empty fiber of it has dimension ≤ 2k.
Thus the same holds for
(f × f)−1(X
(2)
P )→ P .
Hence dim(f × f)−1(X
(2)
P ) ≤ dimπ(f(Z)) + 2k = dimZ + k and the esti-
mate (1) follows from the pull-back diagram (2).
We establish (2): Consider the following fiber product:
(df)−1(ker dπ)◦ ×P (ker dρ)
◦ //

(ker dρ)◦

(df)−1(ker dπ)◦ // P
(3)
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Since ρ : X → Q is smooth, we get dim(ker dρ)◦ = 2dimX − dimQ. Hence
(ker dρ)◦ → P is smooth of relative dimension 2 dimX − dimQ − dimP
(since (ker dρ)◦ → X and π : X → P are smooth). Moreover,
dim(df)−1(ker dπ)◦ ≤ dimker d(π ◦ f) ≤ dimZ + k
where the second inequality follows from Lemma 2.16, since each non-empty
fiber of π ◦ f : Z → P has dimension k and Z is smooth. Thus the desired
estimate (2) follows from the pull-back diagram (3). 
Lemma 2.17. Let f : Z → X and ρ : X → Q be morphisms of varieties.
Then we have the following:
dimZ
(2)
Q = max
{
dim(f × f)−1(X
(2)
Q ),dimZ
(2)
X
}
dimker d(ρ ◦ f)◦ = max
{
dim(df)−1(ker dρ)◦,dim(ker df)◦
}
.
Proof. The first equality follows, since the underlying set of Z
(2)
Q is the dis-
joint union of
{ (z1, z2) ∈ Z × Z | ρ(f(z1)) = ρ(f(z2)) , f(z1) 6= f(z2) } = (f × f)
−1(X
(2)
Q )
and the underlying subset of Z
(2)
X in Z × Z. The second equality follows,
since the underlying set of ker d(ρ ◦ f)◦ is the disjoint union of
{ v ∈ TZ | d(ρ ◦ f)(v) = 0 , (df)(v) 6= 0 } = (df)−1(ker dρ)◦
and the underlying subset of (ker df)◦ in TZ. 
In order to construct embeddings, we use the following characterization
of them:
Proposition 2.18. A morphism f : Z → X of algebraic varieties is an
embedding if and only if the following conditions are satisfied
• f is proper
• f is injective
• for each z ∈ Z, the differential dzf : TzZ → Tf(z)X is injective.
We prove this proposition in the Appendix for the lack of a reference
to an elementary proof; see Proposition B.1. From Proposition 2.15 and
Lemma 2.17 we get now immediately the following consequence:
Corollary 2.19. Let X be a smooth irreducible variety such that Autalg(X)
acts sufficiently transitively on X. If ρ : X → Q is a finite e´tale surjec-
tion and Z ⊂ X is a smooth closed subvariety with dimX ≥ 2 dimZ + 1,
then there exists ϕ ∈ Autalg(X) such that ρ ◦ ϕ : X → Q restricts to an
isomorphism Z → ρ(ϕ(Z)).
Proof. We apply Proposition 2.15 to π : X → P := {pt}, ρ : X → Q (note
that Q is irreducible and smooth by [GR03, Proposition 3.1, Expose´ II]),
and the inclusion f : Z →֒ X in order to get a ϕ ∈ Autalg(X) such that
((ϕ ◦ f)× (ϕ ◦ f))−1(X
(2)
Q ) ≤ 2 dimZ − dimQ ≤ dimX − 1− dimQ < 0
dim(d(ϕ ◦ f))−1(ker dρ)◦ ≤ 2 dimZ − dimQ ≤ dimX − 1− dimQ < 0
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where we used the assumption dimX ≥ 2 dimZ +1. Applying Lemma 2.17
to ϕ ◦ f : Z → X and ρ : X → Q yields, that the composition
Z
f
→֒ X
ϕ
−→ X
ρ
−→ Q
is injective and the differential dz(ρ ◦ ϕ ◦ f) : TzZ → Tρ(ϕ(z))Q is injective
for each z ∈ Z. As the composition ρ ◦ ϕ ◦ f : Z → Q is also proper, the
statement follows from Proposition 2.18. 
The following number associated to each morphism will be crucial for the
proof of Theorem 2.5:
Definition 2.20. For each morphism f : Z → X of varieties we define the
θ-invariant by
θf := max{dimZ
(2)
X , dim(ker df)
◦ } .
Note that θf stays the same if we replace f with ϕ◦f for an automorphism
ϕ ∈ Aut(X). Moreover, the following holds:
Remark 2.21. If f : Z → X is a proper morphism, then f is an embedding
if and only if θf < 0. This follows directly from Proposition 2.18.
Next, we give a result which will enable us to inductively lower the θ-
invariant in the proof of Theorem 2.5.
Proposition 2.22. Let ρ : X → Q be a principal Ga-bundle, Z an affine
variety and r : Z → Q a finite morphism. Then there exists a morphism
g : Z → X such that ρ ◦ g = r and θg < θr.
Proof. Let W := r(Z) ⊂ Q. Since r : Z → Q is finite and Z is affine, W
is a closed affine subvariety of Q by Chevalley’s Theorem, [GW10, Theo-
rem 12.39]. By [FvS19, Remark A.4], ρ−1(W ) → W is a trivial principal
Ga-bundle; that means, there exists aW -isomorphism ι : W×Ga → ρ
−1(W ).
Now, take finite subsets
R ⊂ Z
(2)
Q and S ⊂ (ker dr)
◦
such that each irreducible component of Z
(2)
Q (of (ker dr)
◦) contains a point
of R (of S). Let pri : Z × Z → Z be the projection onto the i-th factor for
i = 1, 2. As Z is affine, there exists a morphism
q : Z → Ga
such that q restricted to pr1(R) ∪ pr2(R) is injective and dq : TZ → TGa
restricted to S is non-vanishing. Now, we define
g : Z // W ×Ga
ι
≃
// ρ−1(W ) ⊂ X .
z ✤ // (r(z), q(z))
Since ι : W ×Ga → ρ
−1(W ) is a W -isomorphism, ρ ◦ g = r. We claim that
dimZ
(2)
X < dimZ
(2)
Q (4)
dim(ker dg)◦ < dim(ker dr)◦ . (5)
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Indeed, take an irreducible component V of Z
(2)
Q . Then
V ◦ := { (v1, v2) ∈ V | g(v1) 6= g(v2) }
is an open subset of V . By construction, there exists (z1, z2) ∈ R ∩ V and
g(z1) 6= g(z2). Hence V
◦ is non-empty. This implies that V ∩Z
(2)
X is properly
contained in V . Since Z
(2)
X is a closed subset of Z
(2)
Q , we get (4). Similarly,
we get (5) by using that dg restricted to S is non-vanishing. Together the
estimates (4) and (5) imply that θg < θr. 
For the applications we mention the following consequence of Proposi-
tion 2.22.
Corollary 2.23. Let ρ : X → Q be a principal Ga-bundle. If there exists a
morphism h : Z → Q such that
a) Z is affine,
b) h : Z → Q is finite,
c) dzh : TzZ → Th(z)Q is injective for all but finitely many z ∈ Z and
d) there exist only finitely many (z1, z2) ∈ Z × Z with z1 6= z2 such that
h(z1) = h(z2),
then there exists an embedding of Z into X.
Proof. Conditions c) and d) imply that θh ≤ 0. Since Z is affine (condi-
tion a)) and h : Z → Q is finite (condition b)), by Proposition 2.22 there
exists a morphism g : Z → X such that ρ ◦ g = h and θg < θh ≤ 0. Since
h = ρ ◦ g : Z → Q is finite, it follows that g : Z → X is proper. Hence, by
Remark 2.21, g : Z → X is an embedding. 
After this preparation, we come now to the proof of our main result of
this section:
Proof of Theorem 2.5. Let Z be a smooth affine variety such that dimX ≥
2 dimZ+1 and such that condition d) is satisfied. Let n := dimP = dimZ.
The following claim will enable us to lower the θ-invariant.
Claim: ∃ f : Z → X such that π ◦ f : Z → P is finite and θf ≥ 0
=⇒ ∃ g : Z → X such that π ◦ g : Z → P is finite and θg < θf
Proof of Claim. Let f : Z → X be a morphism such that π ◦ f : Z → P
is finite and θf ≥ 0. By condition d), η : Q → P is surjective and since
ρ : X → Q is surjective, we get that π : X → P is surjective as well. Since
ρ and π are smooth surjections and since X is smooth and irreducible, it
follows that P and Q are smooth and irreducible; see [GR03, Proposition
3.1, Expose´ II]. By condition b), AutalgP (X) acts sufficiently transitively on
each fiber of π. Thus we may apply Proposition 2.15 to f : Z → X and may
choose a ϕ ∈ AutalgP (X) such that f
′ := ϕ ◦ f satisfies
max{dim(f ′ × f ′)−1(X
(2)
Q ) , dim(df
′)−1(ker dρ)◦ }
≤ dimZ + dimP − dimQ ,
since π ◦ f : Z → P is finite (see condition d)). Note that
dimZ + dimP − dimQ = 2n− dimQ ≤ dimX − 1− dimQ = 0 ,
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since ρ : X → Q is a principal Ga-bundle. Thus by Lemma 2.17:
dimZ
(2)
Q,ρ◦f ′ ≤ max{ 0 , dimZ
(2)
X,f ′ }
dimker d(ρ ◦ f ′)◦ ≤ max{ 0 , dimker(df ′)◦ }
where we compute Z
(2)
Q,ρ◦f ′ and Z
(2)
X,f ′ with respect to ρ ◦ f
′ and f ′, respec-
tively. Thus θf ′ ≤ θρ◦f ′ ≤ max{0, θf ′}, which implies (as θf = θf ′ ≥ 0)
θf = θf ′ = θρ◦f ′ . (6)
Note that ρ ◦ f ′ : Z → Q is finite, since π ◦ f ′ = π ◦ f is finite. Hence,
applying Proposition 2.22 to ρ ◦ f ′ : Z → Q yields a morphism g : Z → X
such that ρ ◦ g = ρ ◦ f ′ and θg < θρ◦f ′ . Thus, we get θg < θf by (6). Since
π ◦ g = π ◦ f ′ is finite, this completes the proof of the claim. 
By condition d), the composition η ◦ r : Z → P is finite. In particular,
r : Z → Q is finite and since Z is affine, there exists a morphism f : Z → X
such that ρ ◦ f = r; see Proposition 2.22. By the finiteness of π ◦ f = η ◦ r,
we can iteratively apply the claim in order to get a morphism g : Z → X
such that π ◦ g : Z → P is finite and θg < 0. In particular, g : Z → X is
proper, and, thus, g : Z → X is an embedding by Remark 2.21. 
3. Applications: Embeddings into algebraic groups
In this section we apply the results from Section 2 in order to construct
embeddings of smooth affine varieties into characterless algebraic groups.
We start with the case of 3-dimensional groups, which is an illustrative
first case to apply the ideas from Section 2.
In the entire section, we use the language of and results about algebraic
groups, with more notions showing up in later subsections. For the basic
results on algebraic groups we refer to [Hum75] and for the basic results
about Lie algebras and root systems we refer to [Hum78].
3.1. Embeddings into algebraic groups of dimension three.
Proposition 3.1. Let G be a characterless algebraic group with dim(G) = 3.
Then every smooth affine curve admits an embedding into G.
Proof. The underlying variety of a connected characterless algebraic group
of dimension 3 is A3, SL2 or PSL2. Hence it is enough to show the statement
for these three groups.
Let Z be a smooth affine curve. Then there exists an embedding of Z
into A3, e.g. by [Sri91, Corollary 1].
Thus, we may see Z as a closed subvariety of A3. For a generic affine
linear projection f : A3 → A2, the restriction h := f |Z : Z → A
2 is proper,
the differential dzh : TzZ → Th(z)A
2 is injective for each z ∈ Z and for
each (z1, z2) ∈ Z × Z with z1 6= z2 and h(z1) = h(z2), the image h(Z) is
singular at h(z1) = h(z2) (see e.g. [FS14, Corollary 3.8, Remark 3.13 and
Lemma 3.14]). Since h(Z) has only finitely many singularities, there exist
only finitely many (z1, z2) ∈ Z × Z with z1 6= z2 and h(z1) = h(z2). After
composing f with a translation in A2, we may assume thatW := h(Z) ⊂ A2
does not contain the origin. As Z is affine and h : Z → A2\{(0, 0)} is proper,
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it follows that h is quasi-finite and thus finite [GW10, Corollary 12.89]. We
consider now the principal Ga-bundle
ρ : SL2 → A
2 \ {(0, 0)} ,
(
x y
z w
)
7→ (x, z) .
Corollary 2.23 applied to h : Z → A2 \ {(0, 0)} and ρ : SL2 → A
2 \ {(0, 0)}
yields an embedding of Z into SL2.
Thus we may assume that Z is a closed subvariety SL2. Note that
Autalg(SL2) acts sufficiently transitively on SL2 by Example 2.12. By ap-
plying Corollary 2.19 to the natural finite e´tale surjection SL2 → PSL2 we
get an embedding of Z into PSL2. 
3.2. Embeddings into a product of the form Am×H. In this section,
we study embeddings of smooth affine varieties into varieties of the from
Am × H where H is a characterless algebraic group. While this is of in-
dependent interest, for us it is also a preparation to establish Theorem A;
compare with the outline of the proof in the introduction.
Corollary 3.2. Let H be a characterless algebraic group. If m is an integer
with m ≥ dimH − 1, then every smooth affine variety Z with
2 dimZ + 1 ≤ m+ dimH (∗)
admits an embedding into Am ×H.
Proof. We may and do assume that H is connected. By the estimate (∗)
and using m ≥ dimH − 1, we get
dimZ ≤
1
2
(m+ dimH − 1) ≤
1
2
(m+m) = m.
Now, we set n := dimZ and G := Am−n × H. Since G is a connected
characterless algebraic group, Autalg(G) acts sufficiently transitively on G
by Example 2.12.
Let X = An×G ≃ Am×H. Since dimG = m+dimH−n ≥ n+1 ≥ 1 due
to (∗) and since G is characterless, we may and do choose a one-dimensional
unipotent subgroup U ⊂ G. Let Q = An×G/U . We apply now Theorem 2.5
and Remark 2.6 to the natural projections
π : X → An , ρ : X → Q and η : Q→ An
and get our desired embedding Z → X. 
Remark 3.3. Corollary 3.2 gives us back the Holme-Srinivas embedding the-
orem, when we take for H the trivial group.
3.3. Embeddings into characterless algebraic groups. In this section,
we would like to generalize Proposition 3.1 to arbitrary characterless alge-
braic groups. However, while doing so the price we have to pay, is to relax
the dimension condition.
From the point of view of the outline of the proof of Theorem A in the in-
troduction, the content of this section can be summarized as follows. Fixing
a semisimple algebraic group G, we start with two lemmas (Lemma 3.4 and
Lemma 3.5) that yield closed subvarieties XP ⊆ G with XP ≃ A
m×H based
on a choice of a parabolic subgroup P ⊆ G. We then formulate a version of
Theorem A for semisimple algebraic groups where the dimension assumption
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on Z depends on dimension estimates for a chosen parabolic subgroup P and
its subgroups P u and Ru(P ) defined below. Finally, we provide dimension
estimates for P u and Ru(P ) for good choices of P ⊂ G for simple algebraic
groups based on the classification of simple Lie algebras (Proposition 3.8).
This suffices to yield Theorem A by applying Corollary 3.2 to XP for a good
choice of P (Theorem 3.6).
We recall a few notions. If G is an algebraic group, we denote by R(G) the
radical, by Ru(G) its unipotent radical, and by G
u the closed subgroup of
G that is generated by all unipotent elements of G. Recall that a connected
algebraic group G is called semisimple if G is non-trivial and R(G) is trivial,
and it is called simple if G is non-commutative and contains no non-trivial
proper closed connected normal subgroup. Moreover, a non-trivial algebraic
group G is called reductive if Ru(G) is trivial.
For lack of a reference, we insert a proof of the following classical facts:
Lemma 3.4. Let G be a semisimple algebraic group and let P ⊂ G be a
parabolic subgroup. Then the following holds:
(1) If L is a Levi factor of P , then Ru(P )⋊ L
u = P u.
(2) If P− ⊂ G is an opposite parabolic subgroup to P , then we have dimG =
dimRu(P ) + dimP and the product morphism
Ru(P
−)×Ru(P )× (P ∩ P
−)u → G
is an embedding1.
(3) If P is a maximal parabolic subgroup of G, P is a maximal proper sub-
group of G that contains a Borel subgroup, then dimP u = dimP − 1.
For the proof of Lemma 3.4 we need the following Lemma.
Lemma 3.5. Let G be a connected reductive algebraic group. Then
a) Gu = [G,G],
b) G = Gu · R(G), Gu ∩R(G) is finite and Gu is trivial or semisimple.
Proof of Lemma 3.5. Note that G/Gu is a torus, as it is connected and con-
tains only semisimple elements; see [Hum75, Proposition 21.4B and Theorem
19.3]. In particular, Gu contains the commutator subgroup [G,G].
On the other hand, [G,G] contains for each non-trivial character α of a
maximal torus T ⊂ G the root subgroup Uα ⊂ G with respect to T , since
for each isomorphism λ : Ga → Uα we have
λ(α(t) − 1) = λ(α(t))λ(1)−1 = tλ(1)t−1λ(1)−1 ∈ [G,G] for each t ∈ T .
Hence [G,G] contains Gu and thus we get the first statement.
The second statement follows from the first statement and from [Bor91,
Proposition 14.2, Chp. IV]. 
Proof of Lemma 3.4. (1): By definition we have Ru(P ) ⋉ L = P . Hence,
we get an inclusion Ru(P ) ⋊ L
u ⊂ P u. On the other hand, the inclusion
1By convention, for us embeddings are closed. In contrast, Ru(P
−)×Ru(P )×(P ∩P
−)
openly embeds in G.
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P u ⊂ P induces an inclusion P u/Ru(P ) ⊂ P/Ru(P ) and π : P → P/Ru(P )
restricts to an isomorphism π|L : L→ P/Ru(P ). Hence,
Lu
pi|Lu
−−−→
≃
(P/Ru(P ))
u = P u/Ru(P ) ,
which implies (1).
(2): By [Tim11, Example 3.10], the quotient G/P u is quasi-affine. Let
P− be an opposite parabolic subgroup to P . The orbit in G/P u through
the class of the neutral element under the natural action of the unipotent
radical Ru(P
−) is therefore closed in G/P u. This implies that Ru(P
−)P u
is closed in G.
By definition, L := P ∩ P− is a Levi factor of P (and also of P−). The
product morphism induces an isomorphism of algebraic varieties
Ru(P
−)×Ru(P )× L
≃
−→ Ru(P
−)× P
≃
−→ Ru(P
−)P
and Ru(P
−)P is an open dense subset of G (see [Bor91, Proposition 14.21]
or [FvS19, Appendix B.2]). This gives the first statement. Due to (1),
we have P u = Ru(P ) ⋊ L
u. Hence, the above isomorphism restricts to an
isomorphism:
Ru(P
−)×Ru(P )× L
u ≃−→ Ru(P
−)P u .
(3): By construction G/Ru(G) is a reductive or trivial algebraic group.
In the second case, G contains no maximal parabolic subgroup and thus
we may assume that G/Ru(G) is reductive. Since Ru(G) is contained in
every Borel subgroup of G, it follows that Ru(G) is contained in P . Thus
P/Ru(G) is a maximal parabolic subgroup of G/Ru(G). Since Ru(G) ⊂ P
u,
we get an isomorphism
P/P u ≃ (P/Ru(G))/(P
u/Ru(G)) .
Thus, it is enough to show (3) in case G is reductive (and by definition it is
connected).
Let B ⊂ G be a Borel subgroup, T ⊂ B a maximal torus, r = dimT , r is
the rank of G, and let X(T ) be the group of characters of T . We may choose
simple roots α1, . . . , αr ∈ X(T ) such that P is the parabolic subgroup with
respect to α1, . . . , αr−1, see [Hum75, Theorem in §29.3]. Let
Zi =

 i⋂
j=1
ker(αj)


◦
⊂ T for each i = 1, . . . , r
where H◦ denotes the identity component of a closed subgroup H ⊂ G.
Since by definition α1, . . . , αr form a basis of X(T )⊗ZR, it follows that over
Z the elements α1, . . . , αr are linearly independent. Hence, the dimension
of Zi is r − i. From [Hum75, §30.2], it follows that
R(P ) = Ru(P )⋊ Zr−1 .
Now, let Q := P/Ru(P ). Thus Q is a connected reductive algebraic group.
Since P u is the preimage of Qu under the canonical projection π : P → Q,
we get
P/P u ≃ Q/Qu .
Note that π(R(P )) is a normal solvable connected subgroup of Q and thus
π(R(P )) ⊂ R(Q). On the other hand, π−1(R(Q)) is a normal, connected
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subgroup and it is solvable, as Ru(P ) = ker(π) and R(Q) are solvable. The
latter two statements together imply that π−1(R(Q)) = R(P ) and thus
R(Q) ≃ Zr−1 .
By Lemma 3.5, Q = Qu ·R(Q) and R(Q)∩Qu is finite. Thus, the canonical
projection Q→ Q/R(Q) restricts to an isogeny Qu → Q/R(Q). In total:
1 = dimZr−1 = dimR(Q) = dimQ−dimQ
u = dimQ/Qu = dimP/P u . 
Theorem 3.6. Let G be a simple algebraic group, let k ≥ 0 be an integer,
and let Z be a smooth affine variety. If dimG + k > 2 dimZ + 1, then Z
admits an embedding into G× Ak.
For the proof of Theorem 3.6 we will use the two next propositions.
Proposition 3.7. Let G be a semisimple algebraic group and let k ≥ 0 be
an integer. If there exists a parabolic subgroup P ⊂ G with dimP u − 1 ≤
3 dimRu(P ), then for every smooth affine variety Z with
2 dimZ + dimP − dimP u < dimG+ k
there exists an embedding of Z into G× Ak.
Proposition 3.8. Let G be a simple algebraic group. Then there exists a
maximal parabolic subgroup P ⊂ G such that dimP u ≤ 3 dimRu(P ).
Proof of Theorem 3.6. Let P ⊂ G be a maximal parabolic subgroup as in
Proposition 3.8. By Lemma 3.4(3) we have dimP − dimP u = 1. Thus the
theorem follows from Proposition 3.7. 
Proof of Proposition 3.7. By Lemma 3.4(2) there exists an embedding of
Am ×H into G × Ak, where m = 2dimRu(P ) + k and H = (P ∩ P
−)u for
an opposite parabolic subgroup P− ⊂ G of P . By Lemma 3.4(1) we have
dimH = dimP u − dimRu(P ). Now, we get
dimH − 1 = dimP u − dimRu(P )− 1 ≤ 2 dimRu(P ) ≤ m.
By Lemma 3.4(2) we get dimG = dimRu(P ) + dimP . Hence
2 dimZ + 1 ≤ dimG− dimP + dimP u + k
= dimP u + dimRu(P ) + k
= dimH +m.
Thus the proposition follows from Corollary 3.2. 
Proof of Proposition 3.8. Let P ⊂ G be a maximal parabolic subgroup. By
Lemma 3.4(2),(3) we get dimRu(P )+dimP
u+1 = dimG. Let L be a Levi
factor of P . Then, by Lemma 3.4(1) dimP u = dimLu + dimRu(P ). Now,
if we find a maximal parabolic subgroup P in G such that
dimG ≥ 2 dimLu + 1 , (7)
then we are done, as in this case we would get
3 dimRu(P ) = dimRu(P ) + dimP
u + 1− 1 + 2dimRu(P )− dimP
u
= dimG− 1 + 2dimRu(P )− dimP
u
≥ 2 dimLu + 2dimRu(P )− dimP
u
= dimP u .
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We treat first the case, when G is one of the classical Lie-types An, Bn, Cn
orDn. For n ≥ 1, we denote by an, bn, cn, dn the dimension of the Lie algebra
of type An, Bn, Cn and Dn, respectively. By [Hum78, §1.2], we get
an = n
2 + 2n , bn = cn = 2n
2 + n , dn = 2n
2 − n .
Now we choose s ∈ N0 according to the Lie-type as follows
Lie-type Dynkin diagram s
An, n ≥ 1 ⌊(n + 1)/2⌋
Bn, n ≥ 2 ⌊(4n + 1)/6⌋
Cn, n ≥ 3 ⌊(4n + 1)/6⌋
Dn, n ≥ 4 ⌊(4n − 1)/6⌋
where ⌊x⌋ means the largest integer that is smaller or equal than x. In
order to specify the maximal parabolic subgroup P of G, let I be the set
of all simple roots in the Dynkin diagram of G, except the simple root at
position s, when we count from the left in the Dynkin diagram. We let P
be the standard parabolic subgroup with respect to I and some fixed chosen
Borel subgroup of G and we let (as above) L ⊂ P be a Levi factor. Then
Lu is semisimple or trivial (by Lemma 3.5) and the corresponding Dynkin
diagram is the Dynkin diagram of G with the vertex s (counted from the
left) deleted; see [Hum75, §30.2]. For example, if the Lie type of G is B4,
then s = ⌊17/6⌋ = 2 and we have the following Dynkin diagrams (the cross
means to delete the corresponding simple root):
G: P : =⇒ dimLu = a1 + b2 = 13 .
By considering the Dynkin diagrams for the classical types An, Bn, Cn and
Dn and by using that a1 = b1 = c1, d2 = 2a1 and d3 = a3, we get
Lie-type s dimLu
An, n ≥ 1
⌊
n+1
2
⌋
≥ 1 as−1 + an−s = 2s
2 − (2n+ 2)s + n2 + 2n− 1
Bn, n ≥ 2
⌊
4n+1
6
⌋
≥ 1 as−1 + bn−s = 3s
2 − (4n+ 1)s + 2n2 + n− 1
Cn, n ≥ 3
⌊
4n+1
6
⌋
≥ 2 as−1 + cn−s = 3s
2 − (4n+ 1)s + 2n2 + n− 1
Dn, n ≥ 4
⌊
4n−1
6
⌋
≥ 2 as−1 + dn−s = 3(s + 1)
2 − (4n+ 5)(s + 1)
+2n2 + 3n+ 1.
From this table we conclude dimG − 2 dimLu ≥ 0 as desired. We provide
the detailed calculation. For An with n ≥ 1, we note
dimG− 2 dimLu − 1 = − n2 + 4(n + 1)
⌊
n+ 1
2
⌋
− 4
⌊
n+ 1
2
⌋2
− 2n+ 1
=


−n2 + 4(n + 1)n+12 − 4
(
n+1
2
)2
− 2n+ 1
if n is odd
−n2 + 4(n + 1)n2 − 4
(
n
2
)2
− 2n+ 1
if n is even
=
{
2 if n is odd
1 if n is even
≥ 0 .
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For Bn and Cn with n ≥ 2 and n ≥ 3, respectively, and x ∈ {0,−2,−4}
such that 6 divides 4n+ x, we calculate
dimG− 2 dimLu − 1 = − 2n2 + 2(4n + 1)
⌊
4n + 1
6
⌋
− 6
⌊
4n+ 1
6
⌋2
− n+ 1
= − 2n2 + 2(4n + 1)
4n + x
6
−
(4n+ x)2
6
− n+ 1
=
2n2 + n
3
+ 1 +
2x− x2
6
≥
2n2 + n
3
+ 1− 4
≥ 0 .
For Dn with n ≥ 4 and x ∈ {0, 2, 4} such that 6 divides 4n+x, we calculate
dimG− 2 dimLu − 1 = − 2n2 + 2(4n + 5)
⌊
4n+ 5
6
⌋
− 6
⌊
4n+ 5
6
⌋2
− 7n− 3
= − 2n2 + 2(4n + 5)
4n + x
6
−
(4n+ x)2
6
− 7n− 3
=
2n2 − n
3
+
10x− x2
6
− 3
≥
2n2 − n
3
− 3
≥ 0 .
Now, for the exceptional Lie-types, we choose P as in the table below
and the estimate (7) follows from the same table (again the cross in the
dynkin diagram of P means, to remove the corresponding simple root):
Lie-type Dynkin diagram dimG Dynkin diagram dimLu
of G of P
E6 78 a1 + a2 + a2 = 19
E7 133 a1 + a2 + a3 = 26
E8 248 a1 + a2 + a4 = 35
F4 52 b3 = 21
G2 14 a1 = 3 . 
Having settled the case for simple algebraic groups, we go on to semisimple
algebraic groups. The following result generalizes Theorem 3.6.
Theorem 3.9. Let G be a semisimple algebraic group and let k ≥ 0 be
an integer. Let r ≥ 1 be the number of minimal normal closed connected
subgroups of G. If Z is a smooth affine variety with dimG+k > 2 dimZ+r,
then there exists an embedding of Z into G× Ak.
Proof. Let G1, . . . , Gr be the minimal normal closed connected subgroups of
G. By [Hum75, Theorem in §27.5], the product morphism G1×· · ·×Gr → G
is a finite e´tale surjection. In the light of Corollary 2.19 we may thus assume
G = G1 × · · · × Gr. Since Gi is a simple algebraic group, there exists a
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maximal parabolic subgroup Pi ⊂ Gi such that 3 dimRu(Pi) ≥ dimP
u
i , by
Proposition 3.8. Let
P := P1 × P2 × · · · × Pr ⊂ G1 ×G2 × · · · ×Gr .
Then we get P u = P u1 × · · · × P
u
r and Ru(P ) = Ru(P1) × · · · × Ru(Pr)
and therefore 3 dimRu(P ) ≥ dimP
u. Since dimPi − dimP
u
i = 1 for each
i ∈ {1, . . . , r} (Lemma 3.4(3)), we get dimP − dimP u = r. Thus, the
theorem follows from Proposition 3.7. 
4. Non-embedability results for algebraic groups
Recall from the last chapter, that for each simple algebraic group G and
each smooth affine variety Z such that dimG ≥ 2 dimZ +2, there exists an
embedding of Z into G (see Theorem 3.6). In this Chapter, we construct for
each algebraic group G and each integer d such that dimG ≤ 2d a smooth
affine variety Z of dimension d such that Z does not allow an embedding
into G (see Corollary 4.4 below). Thus, for a simple algebraic group G this
gives optimality of our embedding result (Theorem 3.6) in case dimG is
even, and optimality up to one dimension in case dimG is odd. We will
focus more on this last case in Chapter 5.
For a smooth irreducible variety X of dimension d we denote by CHi(X)
its i-th Chow group, i-cycles modulo linear equivalence for each 0 ≤ i ≤ d.
For i > d and i < 0 we set CHi(X) = 0. For each vector bundle E → X
and each i ≥ 0 we get operations
si(E) : CHk(X)→ CHk−i(X) , α 7→ si(E) ∩ α
and thus endomorphisms si(E) on CH(X) =
⊕k
i=0CHi(X) (see [Ful98,
§3.1]). By [Ful98, Propsition 3.1(a)] we have that s0(E) = 1 is the iden-
tity in End(CH(X)). Following [Ful98, §3.2] we consider the formal power
series st(E) =
∑∞
i=0 si(E)t
i and define ct(E) =
∑∞
i=0 ci(E)t
i as the inverse
of st(E) inside the formal power series ring End(CH(X))[[t]]. This makes
sense, because the endomorphisms si(E), i ≥ 0 commute pairwise [Ful98,
Proposition 3.1(b)]. It follows that ci(E) maps CHk(X) into CHk−i(X) and
we denote the image of α ∈ CHk(X) under ci(E) by ci(E)∩α ∈ CHk−i(X).
Moreover, by [Ful98, Example 8.1.6] we have
ci(E) ∩ (cj(E) ∩ [X]) = (ci(E) ∩ [X]) · (cj(E) ∩ [X]) for all i, j ,
where ‘·’ denotes the intersection product; see [Ful98, §8.1]. In the sequel
we denote by T ∗X → X the cotangent bundle of X.
Proposition 4.1. For d ≥ 1, there exists an irreducible smooth affine vari-
ety Z of dimension d such that sd(T
∗Z) 6= 0.
Proof. By the proof of [BMS89, Theorem 5.8], there exists a smooth irre-
ducible affine variety Z of dimension d such that the component in CH0(Z)
of the total Segre class of T ∗Z → Z is non-vanishing, sd(T
∗Z) ∩ [Z] 6= 0 in
CH0(Z). This implies that sd(T
∗Z) 6= 0 inside End(CH(Z)). 
From a Theorem of Grothendieck, [Gro58, Remarque p.21] or [Bri11,
Proposition 2.8] we get the following result:
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Proposition 4.2. Let G be a connected algebraic group of dimension n.
Then CHi(G) is a torsion group for 0 ≤ i ≤ n− 1 and CHn(G) = Z. 
Lemma 4.3. Let Z be an irreducible smooth affine variety of dimension
d ≥ 1. If there is a connected algebraic group G of dimension 2d such that
there is an embedding ι : Z → G, then sd(T
∗Z) = 0.
Proof. Since d ≥ 1, by Proposition 4.2, we get that ι∗([Z]) ∈ CHd(G) is a
torsion element where [Z] ∈ CHd(Z) denotes the class associated to Z. By
[Ful98, Corollary 6.3] we have
ι∗(ι∗([Z])) = cd(N
∗) ∩ [Z] ∈ CH0(Z)
where N∗ denotes the conormal bundle of Z in G. Hence ι∗(ι∗([Z])) is a
torsion element in CH0(Z). In case d = 1, we have dimG = 2 and thus G is
solvable. In particular CH1(G) = 0. In case d ≥ 2, it follows from [BMS89,
Proposition 2.1] that CH0(Z) is torsion free. Thus in both cases ι
∗(ι∗([Z]))
is zero. Moreover cd(N
∗)∩α = 0 for each α ∈ CHk(Z) if k < d. This implies
that cd(N
∗) = 0, it is the zero endomorphism of CH(Z).
Since G is an algebraic group, the cotangent bundle T ∗G → G is trivial.
Moreover, we have a short exact sequence of vector bundles over Z:
0→ N∗ → ι∗(T ∗G)→ T ∗Z → 0 .
Then we get
1 = ct(ι
∗(T ∗G)) = ct(N
∗)ct(T
∗Z) inside End(CH(Z))[[t]]
by [Ful98, Theorem 3.2(e)]. By definition we get st(T
∗Z) = ct(N
∗) and thus
sd(T
∗Z) = cd(N
∗) = 0. 
Now, we apply the above results in order to get irreducible smooth affine
varieties that do not admit an embedding into algebraic groups for appro-
priate dimensions.
Corollary 4.4. Let G be an algebraic group of dimension n > 0. Then,
for each integer d ≥ n2 there exists a smooth irreducible affine variety Z of
dimension d that does not admit an embedding into G.
Proof. By assumption 2d ≥ n. Let k := 2d − n ≥ 0. By Proposition 4.1
there exists a smooth irreducible affine variety Z of dimension d such that
sd(T
∗Z) 6= 0. Towards a contradiction, assume that Z allows an embedding
into G. As Z is irreducible, there exists an embedding of Z into the identity
component G◦ of G and hence also into G◦ × (Ga)
k. Since dimG◦ + k =
n+ 2d− n = 2d, by Lemma 4.3 we get sd(T
∗Z) = 0, contradiction. 
5. Limits of our methods for odd dimensional simple groups
In Section 4 we proved that Theorem 3.6 is optimal for even dimensional
simple algebraic groups G. Moreover, by Proposition 3.1 we also get opti-
mality in the case of dimG = 3. In this Chapter we will explain, why we are
not able to apply our method to an odd dimensional simple algebraic group
G and smooth affine varieties Z with dimG = 2dimZ + 1 and dimZ > 1.
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Concretely, let G be an odd dimensional simple algebraic group. In or-
der to apply our method (Theorem 2.5) to a smooth affine variety Z with
dimG = 2dimZ + 1 we need at least the following: a smooth morphism
π : G→ P with dimP = dimZ
that factors through a principal Ga-bundle, Aut
alg
P (G) acts sufficiently tran-
sitively on each fiber of π, and a finite surjective morphism Z → P .
The only way to construct such a π : G→ P seems to be forming the al-
gebraic quotient by some proper connected characterless algebraic subgroup
H ⊂ G of the right dimension; see Proposition 2.13. However, in this section
we will prove an obstruction to the existence of finite morphisms Z → G/H;
see Proposition 5.1 below.
Since the obstruction comes from algebraic topology, in this section we
work with varieties over the complex numbers, i.e. our ground field will
be C. However, using an appropriate Lefschetz principle, we promote a
version of the following proposition back to every algebraically closed field
of characteristic zero; see Theorem C and its proof in Appendix C.
In order to avoid confusion with the holomorphic category, below we write
algebraic morphism instead of just morphism.
Proposition 5.1. Let G be a simple complex algebraic group, H ⊂ G a
proper closed subgroup and Z an irreducible smooth complex affine variety
with vanishing rational homology groups and such that Z is simply connected.
Then, there exists no finite algebraic morphism Z → G/H.
Proof of Proposition 5.1. Assume that there exists a finite algebraic mor-
phism Z → G/H. Let H◦ be the identity component of H. Denote
by p : G/H◦ → G/H the canonical projection, which is a finite algebraic
e´tale surjection. As Z is simply connected, there exists a holomorphic map
f : Z → G/H◦ such that p ◦ f : Z → G/H is the original finite algebraic
morphism. By [Ser58, Proposition 20], it follows that f : Z → G/H◦ is an
algebraic morphism, and it is also finite. Thus, by replacing H by H◦, we
may assume without loss of generality that H is connected.
Since G is simply connected and H is connected, the long exact homotopy
sequence assocaited to H →֒ G։ G/H yields the exact sequence
1 = π1(G)→ π1(G/H)→ π0(H) = 1 .
Thus, since G is connected, we get that G/H is simply connected. Let
i0 := inf{ i ≥ 1 | πi(G/H)⊗Z Q is non-vanishing } .
By Proposition 5.2 below, it follows that 1 < i0 < ∞. As G/H is simply
connected, we may apply a rational version of the Hurewicz Theorem [KK04,
Theorem 1.1] and get
0 6= πi0(G/H) ⊗Z Q ≃ Hi0(G/H;Q)
where H∗(·;Q) denotes singular homology with rational coefficients. Since
f : Z → G/H is a finite surjection, Corollary A.2 from Appendix A applies,
and we get that f∗ : Hi0(Z;Q) → Hi0(G/H;Q) is surjective. However, this
contradicts Hi0(Z;Q) = 0. 
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Proposition 5.2. Let G be a simple complex algebraic group. Then, for
each proper closed complex subgroup H ⊂ G, there exists i > 1 such that
πi(G/H) ⊗Z Q 6= 0 .
For the proof of this proposition, we use facts about the rational homotopy
groups of all simply connected simple complex algebraic groups. We recall
those facts next.
Denote by G a simply connected semisimple complex algebraic group.
Recall that there exists a maximal compact connected real Lie subgroup
K ⊂ G such that G and K are homotopy equivalent [Hel78, Theorem 2.2,
Chp. VI]. In particular, K is simply connected, and thus we may apply
[MT91, Theorem 6.27, Chp. IV] to get a continuous map of a product of
odd dimensional spheres into K
f : S2n1−1 × · · · × S2nl−1 → K
that induces an isomorphism between the singular cohomology rings with
rational coefficients
H∗(K;Q) ≃ H∗(S2n1−1 × · · · × S2nl−1;Q) .
By the universal coefficient theorem for cohomology, f induces an isomor-
phism between singular homology groups with rational coefficients. Since
K is simply connected, we get by Ku¨nneth’s formula
H1(S
2n1−1;Q)⊕ · · · ⊕H1(S
2nl−1;Q) ≃ H1(K;Q) = 0 .
This implies ni ≥ 2 for each i ∈ {1, . . . , l}. In particular, the product of
spheres S2n1−1 × · · · × S2nl−1 is simply connected as well. Now, by the
Whitehead-Serre Theorem [FHT01, Theorem 8.6], f induces for each i ≥ 0
an isomorphism of rational homotopy groups
πi(S
2n1−1)⊗Z Q× · · · × πi(S
2nl−1)⊗Z Q ≃ πi(K)⊗Z Q = πi(G)⊗Z Q . (8)
Note that by a Theorem of Serre ([FHT01, Example 1 in §15(d)] or [KK04,
Theorem 1.3], for odd positive integers k, the group πi(S
k)⊗ZQ is isomorphic
to Q if i = k and otherwise it vanishes.
Definition 5.3. For a simply connected semisimple complex algebraic group
G, we call the above constructed unordered l-tuple {2n1 − 1, . . . , 2nl − 1}
the rational homotopy type of G.
In the following table we list the complex dimension and rational homo-
topy type for each Lie type (the statements follow from [MT91, Theorem
6.5, Chp. III and Theorem 5.10, Chp. VI]):
Table 1. Rational homotopy types
EXISTENCE OF EMBEDDINGS INTO ALGEBRAIC GROUPS 27
Lie-Type Complex dimension Rational homotopy type of the
simply connected simple
complex algebraic group
Am, m ≥ 1 m
2 + 2m {3, 5, . . . , 2m+ 1}
Bm, m ≥ 2 2m
2 +m {3, 7, . . . , 4m− 1}
Cm, m ≥ 3 2m
2 +m {3, 7, . . . , 4m− 1}
Dm, m ≥ 4 2m
2 −m {3, 7, . . . , 4m− 5} ∪ {2m− 1}
E6 78 {3, 9, 11, 15, 17, 23}
E7 133 {3, 11, 15, 19, 23, 27, 35}
E8 248 {3, 15, 23, 27, 35, 39, 47, 59}
F4 52 {3, 11, 15, 23}
G2 14 {3, 11}
Proof of Proposition 5.2. Let G˜ be the universal cover ofG. Then p : G˜→ G
is a homomorphism of simple complex algebraic groups [GR03, The´ore`me
5.1, Expose´ XII]. Since G˜/p−1(H) and G/H are isomorphic as algebraic
groups, we may assume that G is simply connected. Let H◦ ⊂ H be the
identity component of H. Since G/H◦ → G/H is a finite e´tale surjection,
we get for each i > 1 an isomorphism πi(G/H
◦) ≃ πi(G/H). Hence, in
addition we may assume that H is connected.
Let R(H) be the radical of H. By definition H/R(H) is a semisimple
complex algebraic group. Let S → H/R(H) be the universal covering. As
before, S is a simply connected semisimple complex algebraic group. Since
R(H) is the product of a torus and a unipotent algebraic group, it follows
from the long exact homotopy sequence that
πi(H) = πi(H/R(H)) = πi(S) for each i > 2
and
π2(H) →֒ π2(H/R(H)) = π2(S)
is injective. From (8) it follows that π2(S)⊗Z Q = 0. Hence we get
πi(H)⊗Z Q = πi(S)⊗Z Q for each i > 1 .
Let S1, . . . , Sl be the connected normal minimal closed complex subgroups
of S. Then each Si is a simple complex algebraic group and the product
morphism S1×· · ·×Sl → S is a finite e´tale surjection (see [Hum75, Theorem
in §27.5]). Hence, we get
πi(S) = πi(S1)× · · · × πi(Sl) for each i > 1 .
Now, assume towards a contradiction that πi(G/H) ⊗Z Q = 0 for each
i > 1. By tensoring the long exact homotopy sequence associated to H →֒
G։ G/H with Q, we get isomorphisms
πi(H)⊗Z Q ≃ πi(G) ⊗Z Q for each i > 1 .
In particular,
π3(S1)⊗Z Q× · · · × π3(Sl)⊗Z Q ≃ π3(G)⊗Z Q . (9)
According to Table 1, we have π3(Si) ⊗Z Q ≃ π3(G) ⊗Z Q ≃ Q for each
i ∈ {1, . . . , l}. Hence, due to (9), we get l = 1, S is already simple, and
πi(S)⊗Z Q ≃ πi(G) ⊗Z Q for each i > 1 .
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Since S and G are both simply connected we get even
πi(S)⊗Z Q ≃ πi(G) ⊗Z Q for each i ≥ 0 .
This implies that S and G have the same rational homotopy type. However,
according to Table 1 this can only happen if the Lie types of S and G
coincide or the Lie types of S and G are Bm and Cm, respectively, for some
m ≥ 3 (note that the 5th rational homotopy group is non-vanishing only
for Am with m ≥ 2 and the 7
th rational homotopy group is non-vanishing
only for Bm, Cm and Dm). In both cases the complex dimension of S and
G coincide, which contradicts the fact that H is a proper closed complex
subgroup of G. 
Appendix A. Hopf’s Umkehrungshomomorphismus theorem
For lack of reference, we provide a proof of the following version for (in
general) non-closed manifolds of a result going back to the work of Hopf
in the case of closed (smooth) manifolds [Hop30]. While we will apply the
result only for smooth maps, we take the opportunity to formulate the state-
ments for topological manifolds and proper continuous maps between them.
Aspects of our proof are written with smooth concepts in mind (definition of
degree, exhaustion of manifolds by full-dimensional compact manifolds with
boundary), even if the proficient topologist might have worked differently,
e.g. to avoid topological transversality in Lemma A.4. An advantage is that
this proof works very naturally in the smooth setup as well, and it seems
like the fastest path from citable literature to the theorem.
The reader may read what follows for the ring R = Z without loss for
the application in this paper. Recall that an orientation on a manifold is a
Z-orientation. The notions used in the result will be explained afterwards.
Theorem A.1. Let be a commutative unital ring, M and N be R-oriented
non-empty topological manifolds of the same dimension where N is con-
nected, and let f : M → N be a proper continuous map. Denote by d ∈ R
the degree of f , by fk : Hk(M ;R) → Hk(N ;R) the induced map in k-th
homology, and by f!,k : Hk(N ;R) → Hk(M ;R) the Umkehrungshomomor-
phismus. For all non-negative integers k and all c ∈ Hk(N ;R), we have
fk ◦ f!,k(c) = dc.
The following corollary is what we use in the paper.
Corollary A.2. Let f : X → Y be a proper and dominant morphism between
complex n-dimensional smooth varieties. Then fk : Hk(X;Q) → Hk(Y ;Q)
is a surjection for all non-negative integers k.
Proof. Since f is a dominant morphism, preimages of regular values are
non-empty (indeed, proper dominant morphisms are surjective). Since f
is proper (in the sense of algebraic geometry), it is proper as a (complex)
differentiable map when X and Y are viewed as smooth (complex) mani-
folds; see [GR03, Proposition 3.2, Exp. XII], [Bou71, Proposition 6, §10].
From here on we consider X and Y with their Euclidian topology (i.e. their
topology as differentiable manifolds).
Since X and Y are complex manifolds, they are canonically (Z-)oriented,
and since f is complex differentiable, for every regular point x ∈ X, f maps a
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neighborhood orientation-preservingly to Y . Consequently, the local degree
of f at a regular value y ∈ Y (see Remark A.5 for a topological definition)
equals the non-negative integer d of the number of elements of f−1(y).
W.l.o.G. assume Y is connected. The degree of f is well-defined as the
local degree d ≥ 0 of any regular value y ∈ Y , and, since preimages of regular
values are non-empty, the degree of f is non-zero.
We apply Theorem A.1 (with R = Q, using that orientations are in par-
ticular Q-orientations and d ∈ Z ⊂ Q is non-zero, hence a unit in Q) to find
that fk is a surjection. 
Remark A.3. A n-manifold M is said to dominate an n-manifold N , if there
exists a proper continuous map f : M → N of non-zero degree. The above
proof of Corollary A.2 amounts to applying Theorem A.1 and the following
observation: a proper dominant morphism between complex n-dimensional
smooth varieties is a map that establishes that the domain dominates the
target.
Before providing the proof of Theorem A.1, we recall orientations, dual-
ities, the Umkehrungshomomorphismus, and the degree. We do this some-
what detailed and in a for us suitable way since we need all notions to work
for non-compact manifolds. We take [Hat02] as our reference for algebraic
topology.
For readability, we will drop the coefficients from the notation of homology
and cohomology.
Manifold. A topological manifold, short manifold, of dimension n is a sec-
ond countable Hausdorff space locally homeomorphic to Rn. In particular,
manifolds have no boundary unless otherwise stated. A manifold is said to
be closed if it is compact.
Orientation. An R-orientation is a map o : M →
⋃
x∈M Hn(M,M \ {x})
such that o(x) ∈ Hn(M,M\{x}) ≃ R is a generator (i.e. Ro(x) = Hn(M,M\
{x})) and o is continuous. Here,
⋃
x∈M Hn(M,M \ {x}) is endowed with
the following topology, which turns the canonical projection to M into a
covering map and o into a section of this covering map. The topology is the
inductive limit topology with respect to the maps
Rn ×R
(x,r)7→rεx(µ) //
⋃
y∈Rn Hn(R
n,Rn \ {y})
φ∗ //
⋃
x∈M Hn(M,M \ {x})
for all local charts φ : Rn → U where R carries the discrete topology, µ ∈
Hn(R
n,Rn\{0}) is a fixed generator and εx : Hn(R
n,Rn\{0}) → Hn(R
n,Rn\
{x}) is induced by the translation Rn → Rn, y 7→ y + x; see [Hat02, R-
orientation]).
For every compact K ⊂M , we denote by oK ∈ Hn(M,M \K) the unique
element in Hn(M,M \ K) that maps to o(x) under the map induced by
inclusion of pairs (M,M \ K) ⊂ (M,M \ {x}) for all x ∈ K; see [Hat02,
Lemma 3.27].
For context, recall that for a closed oriented manifold M , oM is the fun-
damental class in Hn(M).
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Cohomology groups with compact supports as a limit. For any topo-
logical space X, we denote by Hkcomp(X) cohomology groups with compact
supports; that is, the limit group of the directed system of groups given by
the groups and maps{
Hk(X,X \K)
}
K⊂X, K compact
and Hk(X,X \K)
ι∗
→ Hk(X,X \ L),
where K ⊆ L ⊆ X are compacts and i : (X,X \ L) → (X,X \K) denotes
the inclusions of pairs, respectively; see [Hat02, Paragraph after Prop 3.33].
This yields a functor from the category of topological space with mor-
phisms given by proper continuous maps to the category of R-modules for
each non-negative integer k: to a proper continuous map f : X → Y we
associate
fkcomp : H
k
comp(Y )→ H
k
comp(X) , [φ] 7→ [f
k(φ) ∈ Hk(X,X \ f−1(J))] ,
where φ ∈ Hk(Y, Y \ J) for some compact subset J ⊆ Y , and we denote
by fk : Hk(Y, Y \ J) → Hk(X,X \ f−1(J)) the homomorphism induced by
f : (X,X \ f−1(J))→ (Y, Y \ J).
Poincare´ duality and the Umkehrungshomomorphismus. We recall
that for an R-oriented topological manifoldsM we have the Poincare duality
isomorphism. One can write the Poincare´ duality map
PDk(M) : H
n−k
comp(M)→ Hk(M)
as the homomorphism induced by
Hn−k(M,M \K)→ Hk(M) , ψ 7→ oK ∩ ψ
for all compact subsets K in X; see [Hat02, Theorem 3.35].
Correspondingly, for all non-negative integers k, one defines the Umkehr-
ungshomomorphismus in homology of a proper continuous map f : M → N
between R-oriented n-manifolds as
f!,k := PDk(M) ◦ f
n−k
comp ◦ (PDk(N))
−1 : Hk(N)→ Hk(M).
Alexander duality. For an R-orientable manifold M and a locally con-
tractible compact path-connected subset K ⊂M , one has the following
Hl(M,M \K) ∼= H
n−l(K) for all l ∈ {0, · · · n}, (10)
which we only use for l = n and K path-connected, so that Hn−l(K) ∼= R.
Proof of (10). Let K be a compact in an R-orientable n-dimensional man-
ifold M . If M is closed, see [Hat02, Theorem 3.44] for a proof (the proof
given there works as stated for every R).
If instead M is not closed (i.e. M is not compact), we find a compact n-
dimensional submanifold M0 ⊂M with boundary such that K is contained
in the interior of M◦0 of M0; see Lemma A.4 below. Now (10) follows from
the case above since by excision
Hl(M,M\K) ∼= Hl(M
◦
0 ,M
◦
0 \K)
∼= Hl
(
M0 ∪ id∂M0M0,M0 ∪ id∂M0M0 \K
)
,
whereM0∪id∂M0M0 denotes the doubling ofM0, i.e. the closed R-orientable
n-manifold obtained by gluing M0 to a copy of itself along their boundary
via the identity. 
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Every compact sits in a compact submanifold. The following lemma
was used above to assure that Alexander duality holds for non-compact
manifolds. We will also use it below for degree calculations.
Lemma A.4. Let M be an n-dimensional manifold. If K ⊂ M is a com-
pact subset, then there exists a compact n-dimensional manifold M0 (with
boundary if K has non-empty intersection with at least one non-compact
component of M) such that the interior of M0 contains K. If M is con-
nected, then M0 can be chosen to be path-connected.
Proof. If K has empty intersection with all non-compact components of M ,
set M0 to be the union of connected components of M that have non-empty
intersection with K. Hence, we consider the case that K has non-empty
intersection with at least one non-compact component of M (in particular,
M is non-compact).
Pick a proper continuous map f : M → R. (For example, exhaust M by
a countable union of compacts K1 ⊂ K2 ⊂ · · · with Ki ⊆ K
◦
i+1 (possible by
second countability), define f to be i on the compacts Ki \K
◦
i , and extend
it to map Ki+1 \K
◦
i to [i, i+ 1] by the Tietze extension theorem.)
Let a, b ∈ R be such that a + 1 < f(x) < b − 1 for all x in K. Up to
changing f by a homotopy that is constant outside of the compact f−1([a−
1, a+ 1] ∪ [b− 1, b+ 1] (in particular, the resulting f stays proper), we may
and do assume that f is transversal to a and b, which in particular implies
thatM0 := f
−1([a, b]) is a compact manifold with boundary f−1(a)∪f−1(b);
see [FNOP19, Definition 10.7 and Theorem 10.8] for necessary definitions
and statements.2
In case M is connected, one can easily arrange for M0 to be connected.
Indeed, let L be the union of M0 with the image of (finitely many) paths in
M between components of M0. Thus L is a path-connected compact subset
of M that contains the original K. Find a compact submanifold (with
boundary) of dimension n of M that contains L (as done in the previous
paragraph) and take its connected component that contains L. 
Degree. Let f : M → N be a proper continuous map, where M and N are
R-oriented n-manifolds.
For y ∈ N , we set K := f−1(y) and consider the induced map
fn : Hn(M,M\f
−1(y))→ Hn(N,N\{y}) = Ro(y) ∼= R .
We define the local degree dy of f at a point y ∈ N as the unique dy ∈ R
such that fn(oK) = dyo(y).
Remark A.5 (Local degree for y with finite preimage). In the special case
that K is finite, say given by pairwise distinct points x1, · · · xl, we have that
dy =
l∑
i=0
r(xi),
2We abstain from providing the details of topological transversality (details and further
references can be found in [FNOP19]). We note that in the rest of the paper we use this
appendix only for smooth manifolds, and the proof is written such that replacing f by a
smooth map the argument works with the notion of transversality and the corresponding
transversality theorems in smooth manifold theory.
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where r(xi) ∈ R is such that for an open neighborhood U of xi with U∩K =
{xi} the induced map of pairs fn : Hn(M,M \ {xi}) ∼= Hn(U,U \ {xi}) →
Hn(N,N \ {y}) satisfies fn(o(xi)) = r(xi)o(y).
If y1 6= y2 are in the same connected component of N , then dy1 = dy2 .
This follows from the following lemma, which is immediate from naturality
of induced maps in homology of pairs.
Lemma A.6. Let f : M → N be a proper continuous map, where M and
N are R-oriented n-manifolds.
If J is a compact subset of N such that Hn(N,N \ J) ∼= R, e.g. J is path
connected and locally contractible (Alexander duality; see (10)), then the
unique d ∈ R such that fn(of−1(J)) = doJ satisfies d = dy for all y ∈ J . 
And, indeed, it follows that dy1 = dy2 : let J be a closed arc embedded in
N with endpoints y1 and y2 (such an arc exists since connected components
of manifolds are arc-connected), hence dy1 = dy2 by Lemma A.6.
Hence, if N is connected, the degree d of f is defined to be the local degree
of f at a y ∈ N .
The proof.
Proof of Theorem A.1. Let f : M → N be a proper continuous map be-
tween R-oriented manifolds M and N , where N is connected. Fix a non-
negative integer k and cY ∈ Hk(N). We choose a compact J ⊂ N such that
PDk(N)([ψ]) = cY for some ψ ∈ H
n−k(Y, Y \ J). In fact, by increasing J if
necessary (and changing ψ to the corresponding class given by the inclusion
map), we may and do choose J to be connected and locally contractible
(indeed, we may choose it as a connected submanifold with boundary by
Lemma A.4). We set K := f−1(J) ⊂M , which is compact since f is proper.
With this setup we calculate
fk (f!,k(cY )) = fk
(
PDk(M) ◦ f
n−k
comp ◦ (PDk(N))
−1(cY )
)
(11)
= fk
(
PDk(M)(f
n−k
comp([ψ]))
)
(12)
= fk
(
PDk(M)([f
n−k(ψ)])
)
(13)
= fk
(
oK ∩ f
n−k(ψ)
)
(14)
= fn(oK) ∩ ψ (15)
= doJ ∩ ψ (16)
= dPDk(N)([ψ]) = dcY , (17)
where we use the following. (11) holds by the definition of the Umkehrungs-
homomorphism. (12) holds by our choice of ψ. (13) follows by the definition
of the induced map on cohomology with compact support. (14) holds by
the definition of PDk(M). (15) is an application of the naturality of the cap
product
∩ : Hn(M,M \K)×H
n−k(M,M \K)→ Hk(M);
see [Hat02, more general relative cap product, The Duality Theorem, p. 240].
For (16), note that doJ = fn(oK) by Lemma A.6 since K = f
−1(J) and by
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Alexander duality (see (10)) we have Hn(N,N \ J) ∼= R by our choice of J .
Finally, (17) holds by the definition of PDk(N) and since PDk(N)([ψ]) =
cY . 
Appendix B. A characterization of embeddings
For the lack of a reference to an elementary proof of the following char-
acterization of embeddings, we provide a proof here.
Proposition B.1. Let f : X → Y be a morphism of algebraic varieties.
Then the following are equivalent:
a) f is an embedding
b) f is proper, injective and for each x ∈ X the differential dxf : TxX →
Tf(x)Y is injective
For the proof, we use the following two lemmas from commutative algebra.
Lemma B.2. Let B be a ring and S ⊂ B be a multiplicative set such that
the localization R := S−1B is a local ring. Denote by n the maximal ideal
of R, by ϕ : B → R the canonical homomorphism and set m := ϕ−1(n).
Then there exists an isomorphism ψ : R→ Bm such that ψ ◦ ϕ : B → Bm
is the canonical homomorphism of the localization.
Proof of Lemma B.2. As ϕ(S) consists of units in R, we get ϕ(S) ⊂ R \ n,
i.e. S ⊂ B \ m. By the universal property of localizations there exists a
homomorphism ψ : R→ Bm such that ψ ◦ϕ is equal to the canonical homo-
morphism ι : B → Bm. Thus it is enough to show that ψ is an isomorphism.
By definition ϕ(B \m) ⊂ R\n, i.e. ϕ(B \m) consists of units in R. Hence
ϕ : B → R factors through ι : B → Bm, there exists θ : Bm → R such that
θ ◦ ι = ϕ. Thus the following commutative diagram exists:
B
ϕ
!!❈
❈❈
❈❈
❈❈
❈
ϕ
~~⑤⑤
⑤⑤
⑤⑤
⑤⑤
ι

R
ψ // Bm
θ // R .
For r ∈ R there exist b ∈ B and s ∈ S with r = b
s
in R and we get
(θ ◦ ψ)(r) = (θ ◦ ψ)(ϕ(b)ϕ(s)−1) = ϕ(b)ϕ(s)−1 = r .
Hence θ ◦ ψ is the identity on R and in particular, ψ is injective. On the
other hand, let b
t
∈ Bm where b ∈ B and t ∈ B\m. Since ϕ(B\m) consists of
units in R, we get ϕ(b)ϕ(t)−1 ∈ R and thus ψ(ϕ(b)ϕ(t)−1) = ι(b)ι(t)−1 = b
t
.
This shows that ψ is surjective. 
Lemma B.3. Let A ⊂ B be a ring extension of Noetherian local rings where
mA and mB denote the maximal ideals of A and B, respectively. If
a) mA ⊂ mB,
b) the induced field extension A/mA ⊂ B/mB is trivial,
c) the induced homomorphism mA /m
2
A → mB /m
2
B is surjective,
d) B is a finite A-module,
then A = B.
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Proof of Lemma B.3. We claim that mAB = mB . Indeed, by a) we know
that mAB ⊂ mB . Since mA /m
2
A → mB /m
2
B is surjective, we get mB =
mA+m
2
B and inductively
mB = mA+m
n
B for each n ≥ 2 . (18)
Let π : B → B/mAB be the canonical projection. Since B/mAB is a
Noetherian local ring and π(mB) is a proper ideal of B/mAB, Krull’s in-
tersection theorem implies the second equality below:
π(mB)
(18)
=
⋂
n≥1
π(mB)
n = (0) .
This implies mB ⊂ mAB and proves the claim.
Since by b), we have that the field extension A/mA ⊂ B/mB is trivial,
the claim implies now that
B = A+mB = A+mAB .
This in turn gives usM = mAM forM = B/A. SinceB is a finite A-module,
M is a finite A-module as well. Since A is a local ring with maximal ideal
mA, we conclude by Nakayama’s lemma that M = 0, A = B. 
Proof of Proposition B.1. Clearly, a) implies b), hence we are left with the
proof of the reverse implication and thus we assume b) holds.
Note that f(X) is closed in Y , since f is proper. We may therefore replace
Y with f(X) and assume in addition that f is surjective. Now, we have to
show that f is locally an isomorphism. Since f is proper and injective, it
is finite, see [GW10, Corollary 12.89]. Thus for each x ∈ X there exists
an open affine neighbourhood U ⊂ Y of f(x) such that f−1(U) is affine
and OX(f
−1(U)) is a finite OY (U)-module via the induced homomorphism
f∗U : OY (U)→ OX(f
−1(U)). As f is surjective, f∗U is injective.
Let A := OY (U), B := OX(f
−1(U)) and denote by mA, mB the maximal
ideals corresponding to the points f(x), x, respectively. We identify A with
a subring of B and then mA = mB ∩A. By the flatness of A → AmA the
homomorphism AmA → AmA ⊗A B is injective and it is finite, since A ⊂ B
is finite. Let R := AmA ⊗A B. Then R is the localization of B at the
multiplicative set A \mA. Hence, we have a commutative push-out diagram
AmA ⊂ R
A
ιA
OO
⊂ B
ϕ
OO
(19)
where ιA and ϕ denote the canonical homomorphisms into the corresponding
localizations.
Let n be a maximal ideal in R. We claim that n = ϕ(mB)R. Indeed,
n∩AmA is a maximal ideal of AmA , since AmA ⊂ R is finite, see [Mat86,
Lemma 2, §9]. This implies the first equality below and the second one
follows from the commutativity of (19):
mA = ι
−1
A (n∩AmA) = ϕ
−1(n) ∩A . (20)
Since ϕ−1(n) is a prime ideal of B, ϕ−1(n) ∩ A = mA is a maximal ideal
of A and since A ⊂ B is finite, it follows from [Mat86, Lemma 2, §9] that
ϕ−1(n) is a maximal ideal of B. Since f : X → Y is injective, mB is the only
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maximal ideal in B with mB ∩A = mA. By (20), we get now ϕ
−1(n) = mB,
which implies the claim.
Using the claim, ϕ(mB)R is the unique maximal ideal in R. In particu-
lar R is a local ring and mB = ϕ
−1(ϕ(mB)R). By Lemma B.2 there is an
isomorphism ψ : R → BmB such that ψ ◦ ϕ is equal to the canonical homo-
morphism ιB : B → BmB of the localization. Hence we may identify R with
BmB and ϕ with ιB and we have to show now that AmA = BmB . However,
this follows from Lemma B.3 applied to the ring extension AmA ⊂ BmB
(condition c) in Lemma B.3 follows from the injectivity of dxf : TxX →
Tf(x)Y and condition b) follows from the fact that A/mA = AmA/mAAmA ,
B/mB = BmB/mB BmB and from the assumption that the ground field is
algebraically closed). 
Appendix C. The proof of Theorem C
In this last section, we prove Theorem C. As usual k denotes an arbitrary
algebraically closed field of characteristic zero. The idea is simply to reduce
the situation to the case of complex numbers and then to use Proposition 5.1.
In other words, we check that the Lefschetz principle holds for the specific
statement we need.
For the proof we make the following convention. If X is an algebraic
variety over k and if k ⊂ K is a field extension such that K is algebraically
closed as well, we denote by XK the fiber product X×Speck SpecK. In case
X is affine, we will denote the coordinate ring of X by k[X]; in particular
we then have K[XK ] = K ⊗k k[X]. In the proof we will use the following
properties of GK for an algebraic group G over k:
Lemma C.1. Let k ⊂ K be a field extension such that K is algebraically
closed and let G be an algebraic group over k. Then the following holds:
(1) The algebraic group G is connected if and only if GK is connected.
(2) The group of k-rational points G(k) is dense in GK .
(3) Let H be a closed subgroup over k of G. Then GK/HK = (G/H)K .
(4) If G◦ denotes the identity component of G, then (G◦)K = (GK)
◦.
(5) Assume that G is connected. Then, G is simple (semisimple, reductive)
if and only if GK is simple (semisimple, reductive).
Remark C.2. Let G be a non-trivial algebraic group G over k. Then G is
reductive if and only if the identity component G◦ is reductive or trivial.
Hence, for any field extension k ⊂ K where K is algebraically closed, the
algebraic group G is reductive if and only if GK is (see Lemma C.1).
Proof of Lemma C.1. (1): IfG is connected, then k[G] is an integral domain.
There is a canonical inclusion K[GK ] = K⊗kk[G] ⊂ K⊗kk(G) where k(G)
denotes the field of rational functions on G. Since k is algebraically closed,
by [ZS58, Corollary 1, §15, Chp. III], we get that K ⊗k k(G) is an integral
domain and thus GK is connected.
If GK is connected, then K[GK ] = K ⊗k k[G] is an integral domain. As
k ⊂ K is an inclusion, it follows that k[G]→ K ⊗k k[G] is an inclusion and
thus k[G] is an integral domain as well. This shows that G is connected.
(2): Note that a k-rational point of G corresponds to a k-algebra ho-
momorphism k[G] → k which in turn induces a K-algebra homomorphism
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K[GK ] = K ⊗k k[G]→ K ⊗k k = K and thus gives a (closed) point in GK .
In this way we see G(k) as a subgroup of GK .
Denote by G◦ the identity component. Hence there exists a finite set
E ⊂ G(k) such that G =
∐
e∈E e · G
◦. Since (G◦)K is connected (see (1)),
it follows from [Bor91, 18.3 Corollary] that G◦(k) is dense in (G◦)K . Hence
G(k) =
∐
e∈E
e ·G◦(k) is dense in GK =
∐
e∈E
e · (G◦)K .
(3): Denote by πK : GK → (G/H)K the pull-back of the natural projec-
tion π : G → G/H. Let pr: H ×G → G be the projection onto the second
factor. Since π is H-invariant, we get the commutativity of
G×H
pr

(g,h)7→g·h // G
pi

G
pi // G/H
and thus of
GK ×HK
prK

(g,h)7→g·h // GK
piK

GK
piK // (G/H)K .
This shows that πK is HK-invariant. In particular, there exists a morphism
θ : GK/HK → (G/H)K such that πK factors as
GK → GK/HK
θ
→ (G/H)K (21)
where the first morphism denotes the canonical projection.
Let U ⊂ G/H be an open affine subvariety and let V → U be a finite
e´tale morphism such that V ×U π
−1(U)→ V is a trivial principal H-bundle.
In particular, V ×U π
−1(U) ≃ U×H is affine and since V ×UG→ π
−1(U) is
finite, it follows that π−1(U) is affine by Chevalley’s Theorem [GW10, Theo-
rem 12.39]. Using (21), we get that the restriction πK |pi−1(U)K : π
−1(U)K →
UK factorizes as
π−1(U)K → π
−1(U)K/HK
θUK−→ UK ,
where θUK denotes the restriction of θ to π
−1(U)K/HK . Since π
−1(U) is
affine, we get K[π−1(U)K ] = K ⊗k k[π
−1(U)].
We claim that θUK is an isomorphism. To achieve this it is enough to show
that the induced map of θUK on global sections of the structure sheaves is
a K-algebra isomorphism (since UK is affine). Since UK = (π
−1(U)/H)K ,
this amounts to showing that the invariant rings satisfy
(K ⊗k k[π
−1(U)])HK = K ⊗k k[π
−1(U)]H inside K ⊗k k[π
−1(U)] .
The inclusion ‘⊇’ follows from the existence of θUK . For the reverse inclu-
sion let (ei)i be a k-basis of the k-vector space K and let
∑
i ei ⊗k fi ∈
K ⊗k k[π
−1(U)] be HK-invariant (almost all fi ∈ k[π
−1(U)] are zero). In
particular, we get for all h ∈ H(k) and g ∈ π−1(U) that∑
i
eifi(h · g) =
∑
i
eifi(g) inside K .
As (ei)i is a k-basis for K, we get fi(h · g) = fi(g) for each h ∈ H(k), each
g ∈ π−1(U) and each i. This implies fi ∈ k[π
−1(U)]H for each i and shows
‘⊆’. Hence θUK is an isomorphism.
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As we may cover G/H by open affine subvarieties U such that there is a
finite e´tale morphism V → U that trivializes π over U , it follows that θ is
an isomorphism.
(4): The connectedness of (G◦)K follows from the connectedness of G
◦;
see (1). Since (G/G◦)K = GK/(G
◦)K is finite (see (3)), we get that (G
◦)K
is the identity component in GK .
(5): Let T be a maximal torus of G, denote by X(T ) the character lattice
of T and denote by g the Lie algebra of G. Moreover, let R ⊂ X(T ) be
the roots of g with respect to T and for each α ∈ R, let gα denote the
corresponding eigenspace. Hence we get
g = g0⊕
⊕
α∈R
gα .
Note that K ⊗k g is the Lie algebra of GK , that we may naturally identify
X(T ) with X(TK) and that the natural T -action on g induces naturally a
TK-action on K ⊗k g. Since (K ⊗k g)
α ⊃ K ⊗k g
α for each α ∈ R and
(K ⊗k g)
0 ⊃ K ⊗k g
0, we get
(K ⊗k g)
0 ⊕
⊕
α∈R
(K ⊗k g)
α = K ⊗k g = K ⊗k g
0⊕
⊕
α∈R
K ⊗k g
α
and
(K ⊗k g)
0 = K ⊗k g
0 , (K ⊗k g)
α = K ⊗k g
α for each α ∈ R .
We assume first that G is semisimple (reductive). Using that GK is
connected, it follows from [DG11, Proposition 1.12, Corollaire 1.13, Exp.
XIX] that TK is a maximal torus in GK and GK is semisimple (reductive).
If G is simple, then GK is semisimple. Moreover, the roots system of G with
respect to T is irreducible, and thus the root system of GK with respect to
TK is irreducible as well. Hence, if G is simple, then GK is simple as well.
Assume now that GK is simple. If there exists a proper connected nor-
mal subgroup N over k of G, then NK is a proper connected normal sub-
group of GK , since G(k) is dense in GK and N(k) is dense in NK ; see (2).
Hence, NK contains only the identity and thus N as well. Moreover, as
GK is non-commutative and G(k) is dense in GK , we get that G is non-
commutative. Analogously one shows that G is semisimple (reductive) in
case GK is semisimple (reductive). 
Proof of Theorem C. We assume towards a contradiction that there exists
a proper and dominant morphism ϕ : An → G/H. In particular, ϕ is quasi-
finite and since ϕ is proper, we conclude that ϕ is finite; see [GW10, Corol-
lary 12.89]. By Chevalley’s Theorem [GW10, Theorem 12.39], G/H is affine.
In particular, we get a finite ring extension
k[G/H] ⊆ k[x1, . . . , xn] ,
where x1, . . . , xn are variables. By the assumption there exist monic poly-
nomials f1, . . . , fn ∈ k[G/H][T ] such that f1(x1) = . . . = fn(xn) = 0.
There exists an algebraically closed subfield k′ ⊂ k of finite transcendence
degree over Q, an algebraic group G′ over k′, and a proper subgroup H ′ over
k′ of G′ such that G = G′
k
and H = H ′
k
.
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Since G/H is affine and G is reductive, H is reductive or trivial (see
[Tim11, Theorem 3.8]). By Remark C.2, H ′ is reductive or trivial, and thus
G′/H ′ is affine. Hence, k′[G′/H ′] is a finitely generated k′-algebra, and
thus there exists a surjective k′-algebra homomorphism η′ : k′[y1, . . . , ym]→
k′[G′/H ′], where y1, . . . , ym are new variables. By Lemma C.1(3)
η := k⊗k′ η : k[y1, . . . , ym]→ k⊗k′ k
′[G′/H ′] = k[G/H]
is a surjective k-algebra homomorphism. For each i = 1, . . . , n, let di :=
deg(fi) > 0 and let pij ∈ k[y1, . . . , ym], where j = 0, . . . , di − 1, such that
fi = T
di +
di−1∑
j=0
η(pij)T
j .
By enlarging k′ we may assume in addition that the coefficients of all the
pij ∈ k[y1, . . . , ym] and all the η(yi) ∈ k[x1, . . . , xn] are contained in k
′. In
particular, the polynomial fi has coefficients in k
′[G′/H ′] for each i and
k′[G′/H ′] ⊆ k′[x1, . . . , xn] . (22)
As fi(xi) = 0 for each i, we get that (22) is a finite ring extension.
Since the field extension Q ⊂ k′ has finite transcendence degree, there
exists an embedding of k′ into the field of complex numbers C. Hence,
C[(G′/H ′)C] = C⊗k′ k
′[G′/H ′] ⊂ C[x1, . . . , xn]
is a finite ring extension and G′C/H
′
C = (G
′/H ′)C is affine. Thus, we get a
finite surjective morphism AnC → G
′
C/H
′
C. Since G simple, we get that G
′
is simple, and thus also G′C is simple; see Lemma C.1(5). This contradicts
Proposition 5.1. 
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